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Hqwu| dqg Lqqrydwlrq
lq Yhuwlfdoo| Glhuhqwldwhg Pdunhwv
Glun Ehujhpdqq_
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Devwudfw
Wklv sdshu dqdo|}hv wkh rswlpdo hqwu| lqwr h{shulhqfh jrrgv pdunhwv
zlwk yhuwlfdoo| glhuhqwldwhg ex|huv1 Zh frqvlghu wkh fdvh zkhuh wkh ydoxh
ri wkh qhz surgxfw lv lpshuihfwo| nqrzq/ exw frpprq wr doo ex|huv +frp0
prq ydoxhv, dv zhoo dv wkh fdvh zkhuh wkh txdolw| lv glhuhqw dfurvv ex|huv
+sulydwh ydoxhv,1
Zh glvwlqjxlvk ehwzhhq qhz surgxfwv wkdw duh lpsuryhphqwv wr h{0
lvwlqj surgxfwv dqg qhz surgxfwv wkdw duh vxevwlwxwhv1 Glhuhqw w|shv ri
surgxfwv kdyh txdolwdwlyho| glvwlqfw glxvlrq sdwkv1 Lpsuryhphqwv duh lq0
wurgxfhg vorzo| uhodwlyh wr wkh ixoo lqirupdwlrq fdvh/ zkloh vxevwlwxwhv duh
lqwurgxfhg pruh djjuhvvlyho|1 Wkh vorz hqwu| vwudwhj| lv dvvrfldwhg zlwk
lqfuhdvlqj vxsso| dqg ghfuhdvlqj sulfhv ryhu wlph1 Wkh uhyhuvh sdwwhuv
krogv iru dq djjuhvvlyh hqwu| vwudwhj|1
Wkh lqfhqwlyhv wr lqqrydwh glvsod| d vlplodu glvwlqfwlrq1 D up zlwk d
fxuuhqwo| lqihulru surgxfw rswv iru d odujh exw ulvn| lqqrydwlrq/ zkhuhdv d
fxuuhqwo| vxshulru surgxfhu fkrrvhv d vpdoohu exw fhuwdlq lqqrydwlrq1
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Lqwurgxfwlrq

Wkh vwdqgdug prgho ri h{shulhqfh jrrgv dqg uhshdwhg sxufkdvhv suhglfwv
wkdw qhz surgxfwv duh odxqfkhg lq wkh pdunhw zlwk d orz lqlwldo sulfh1 Vdohv
lq wkh shulrgv iroorzlqj hqwu| duh pdgh dw d kljkhu sulfh dqg rqo| wkh jrrg0
zloo fxvwrphuv iurp wkh lqlwldo shulrg pdnh vxevhtxhqw sxufkdvhv1 Dw wkh
vdph wlph/ fdvxdo revhuydwlrq vxjjhvwv wkdw h{shulhqfh jrrgv duh odxqfkhg
lq wkh pdunhw xvlqj d qxpehu ri dowhuqdwlyh vwudwhjlhv1 Zkhq d qhz sl}}h0
uld orfdwhv lq d uhvlghqwldo qhljkerukrrg/ lw lv frpprq wkdw lw fuhdwhv d
srro ri jrrgzloo fxvwrphuv lq wkh lqlwldo zhhnv e| vhwwlqj lwv sulfhv orzhu
wkdq lq wkh vxevhtxhqw zhhnv1 Lq glhuhqw w|shv ri pdunhwv/ krzhyhu/ zh
zrxog qrw qhfhvvdulo| h{shfw wr vhh vxfk ghhs lqlwldo sulfh fxwv1 Li dq h{0
shqvlyh Iuhqfk uhvwdxudqw ghflghg wr orfdwh lq wkh vdph qhljkerukrrg/ lwv
sulfhv zrxog suredeo| eh dw d frqvlvwhqwo| kljk ohyho dqg lw zrxog uho| rq
idyrudeoh zrug0ri0prxwk frppxqlfdwlrq1
Lq wklv sdshu/ zh dqdo|}h wkh rswlpdo hqwu| vwudwhjlhv iru glhuhqw w|shv
ri h{shulhqfh jrrgv lq d qxpehu ri glhuhqw pdunhwv1 Rxu pdlq jrdo lv wr
rewdlq d fkdudfwhul}dwlrq ri wkh ihdwxuhv ri wkh qhz surgxfw wkdw ohdg wr
txdolwdwlyho| glhuhqw hqwu| vwudwhjlhv1 Lq d wzr shulrg prgho ri frpshwl0
wlrq/ zh ghulyh uhvxowv frqqhfwlqj wkh lqfhqwlyhv wr jlyh lqlwldo glvfrxqwv wr
wkh vl}h ri wkh lpsuryhphqw hperglhg lq wkh qhz surgxfw1 Li wkh qhz surg0
xfw uhsuhvhqwv d ghqlwlyh lpsuryhphqw rq wkh h{lvwlqj surgxfwv/ wkhq wkh
prqrsrolvw suhihuv d vorz hqwu| vwudwhj|1 Lq sduwlfxodu/ wkh uvw shulrg htxl0
oleulxp txdqwlwlhv ri wkh qhz surgxfw idoo vkruw ri wkh htxloleulxp txdqwlwlhv
lq d vlqjoh shulrg p|rslf prgho dqg wkh vhfrqg shulrg vdohv duh h{whqghg wr
ex|huv wkdw glg qrw ex| lq wkh uvw shulrg1 Zkhq wkh qhz surgxfw lv ohvv
fohduo| dq lpsuryhphqw/ ru zkhq lw lv shukdsv d orzhu txdolw| vxevwlwxwh iru
dq h{lvwlqj surgxfw/ wkh uvw shulrg htxloleulxp txdqwlwlhv ri wkh qhz surg0
xfw pd| h{fhhg wkh vlqjoh shulrg txdqwlwlhv1 Wkh vhfrqg shulrg folhqwhoh lq
wklv fdvh lv d vxevhw ri wkh uvw shulrg ex|huv1
Zh wuhdw wkh fdvh zkhuh dq remhfwlyh phdvxuh iru wkh xqfhuwdlq txdolw|
ri wkh qhz surgxfw lv dydlodeoh dv zhoo dv wkh fdvh zkhuh wkh ex|huv* lqlwldo
xqfhuwdlqw| lv rqo| derxw wkhlu lglrv|qfudwlf wdvwh sdudphwhuv1 Zh uhihu wr
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wkhp dv wkh frpprq ydoxhv dqg wkh sulydwh ydoxhv prgho uhvshfwlyho|1 Wkh
nh| prgholqj ihdwxuh lq erwk ri wkhvh fdvhv lv wkdw wkh ex|huv duh dvvxphg wr
eh yhuwlfdoo| glhuhqwldwhg1 Lq rwkhu zrugv/ hyhq zkhq wkhuh lv d frpprqo|
djuhhg xsrq phdvxuh ri txdolw| iru wkh qhz surgxfw/ glhuhqw ex|huv kdyh
d glhuhqw zloolqjqhvv wr sd| iru wkh surgxfw/ iru h{dpsoh gxh wr glhuhqfhv
lq glvsrvdeoh lqfrph1
Zh frqvlghu uvw wkh frpprq ydoxhv prgho1 D qhz surgxfw ri lqlwldoo|
xqfhuwdlq txdolw| hqwhuv wkh pdunhw dqg qhz lqirupdwlrq derxw wkh surgxfw
txdolw| lv jhqhudwhg rqo| wkurxjk sxufkdvhv1 Zh dvvxph wkdw wkh h{shulhqfhv
ri wkrvh ex|huv wkdw ghflgh wr ex| wkh qhz surgxfw lq wkh uvw shulrg duh
sxeolfo| revhuydeoh1 Wkh h{dfw phfkdqlvp ri lqirupdwlrq wudqvplvvlrq iurp
uvw wr vhfrqg shulrg lv ohiw xqprghohg/ exw duh prwlydwhg e| frqvlghudwlrqv
vxfk dv zrug ri prxwk frppxqlfdwlrq ehwzhhq wkh ex|huv dqg frqvxphu
uhsruwv vhuylfhv1 Dv d frqvhtxhqfh/ doo ex|huv kdyh lghqwlfdo eholhiv derxw
wkh qhz surgxfw1 Zh dovr dvvxph wkdw wkh dprxqw ri lqirupdwlrq wkdw
ehfrphv dydlodeoh lv lqfuhdvlqj lq wkh vdohv ri wkh qhz surgxfw lq wkh uvw
shulrg1 Pdunhwv ri wklv w|sh lqfoxgh dprqj rwkhuv qhz dluolqhv fduulhuv dqg
qhz surylghuv ri frppxqlfdwlrqv vhuylfhv1
Zh dqdo|}h wzr glvwlqfw pdunhw vwuxfwxuhv zlwklq wklv prgho1 Lq wkh
uvw/ wkh vxevwlwxwh surgxfw lv surylghg e| d frpshwlwlyh lqgxvwu|/ lq wkh
vhfrqg/ wkh vxevwlwxwh lv vxssolhg e| d vlqjoh frpshwlwru1 Lq wkh prqrsro|
prgho/ wkhuh duh qr glhuhqfhv ehwzhhq sulfh dqg txdqwlw| frpshwlwlrq1 Zh
vkrz wkdw wkh xvxdo rswlrq ydoxh frqvlghudwlrqv pd| ohdg wkh surgxfhu ri
wkh qhz surgxfw wr vhoo odujhu wkdq p|rslf txdqwlwlhv lq wkh uvw shulrg li
wkh surgxfw lv qrw d fhuwdlq lpsuryhphqw1 Li wkh jrrg lv dq lpsuryhphqw
zlwk suredelolw| 4/ wkhq wkh rswlrq ydoxh ydqlvkhv dqg vdohv wdnh sodfh dw
wkh p|rslf txdqwlw|1
Wkh vlwxdwlrq lv pxfk pruh lqwhuhvwlqj lq wkh fdvh ri d txdolw| glhuhq0
wldwhg gxrsro|1 Lq wklv fdvh/ zh irfxv pdlqo| rq wkh txdqwlw| frpshwlwlrq
fdvh1 E| grlqj wklv/ zh h{whqg wkh vfrsh ri yldeoh qhz surgxfwv1 Lq sdu0
wlfxodu/ txdqwlw| frpshwlwlrq doorzv iru wkh srvvlelolw| wkdw dq lqqrydwlrq
lv odxqfkhg zklfk eulqjv wkh wzr frpshwlwruv forvhu wr hdfk rwkhu zlwkrxw
fkdqjh lq wkh ohdghuvkls1 Zh vkrz wkdw wkh vwdjh jdph htxloleulxp surw
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ri wkh vxshulru surgxfhu lv frqfdyh lq wkh sdudphwhu ri glhuhqwldwlrq zkloh
wkh htxloleulxp surw ri wkh lqihulru surgxfhu lv frqyh{1 Vlqfh vdohv e| wkh
qhz up jhqhudwh dgglwlrqdo lqirupdwlrq derxw wkh surgxfw/ zh fdq xvh
dq dujxphqw edvhg rq Mhqvhq*v lqhtxdolw| wr vkrz wkdw zkhqhyhu wkh qhz
surgxfw lv p|rslfdoo| vxshulru/ lwv vdohv lq wkh uvw shulrg ri wkh g|qdplf
jdph duh orzhu wkdq wkh p|rslf vdohv1 E| d vlplodu dujxphqw/ zh vkrz wkdw
li wkh qhz surgxfw lv p|rslfdoo| lqihulru/ wkhq wkh uvw shulrg vdohv h{fhhg
wkh p|rslf vdohv1 Iru frpsohwhqhvv/ zh dovr vnhwfk wkh sulfh frpshwlwlrq
prgho1 Zkloh wkh vwdjh jdph htxloleulxp surwv ri wkh wzr upv duh qr
orqjhu prqrwrqh lq wkh txdolw| sdudphwhu/ dqg rqo| lqqrydwlrqv wkdw jxdu0
dqwhh vx!flhqw glvwdqfh ehwzhhq wkh frpshwlwruv duh yldeoh/ zh vkrz wkdw
rxu pdlq frqfoxvlrqv rq hqwu| vwudwhjlhv uhpdlq ydolg1
Zh dovr xvh wkh uhvxow rq wkh fxuydwxuh ri wkh ydoxh ixqfwlrqv wr fkdu0
dfwhul}h wkh rswlpdo lqqrydwlrqv iru wkh ohdghu dqg wkh iroorzhu1 Wkh ohdghu
suhihuv uhodwlyho| vdih surgxfw lqqrydwlrqv/ zkhuhdv wkh iroorzhu suhihuv ulvn|
lqqrydwlrqv wkdw kdyh d srvlwlyh suredelolw| ri ohdsiurjjlqj wkh ohdghu1
Wkh sulydwh ydoxhv prgho pdnhv wkh srodu rssrvlwh dvvxpswlrq rq wkh
irup ri xqfhuwdlqw| uhodwlqj wr wkh qhz surgxfw1 Zh dvvxph wkdw wkhuh lv qr
djjuhjdwh xqfhuwdlqw| derxw wkh shuirupdqfh ri wkh qhz jrrg/ exw lqglylg0
xdo wdvwhv iru wkh surgxfw duh lqghshqghqw dfurvv wkh srwhqwldo ex|huv/ dqg
qrw nqrzq d sulrul1 D jlyhq ex|hu ohduqv krz zhoo wkh qhz surgxfw vxlwv khu
qhhgv e| wu|lqj lw1 Iru vlpsolflw|/ zh dvvxph wkdw d vlqjoh wuldo lv vx!flhqw
wr ghwhuplqh wkh suhihuhqfhv1 Lq wklv prgho/ wkh ex|huv kdyh glhuhqw eholhiv
rq wkh txdolw| ri wkh qhz surgxfw lq wkh vhfrqg shulrg ghshqglqj rq wkhlu
sxufkdvhv dqg h{shulhqfhv lq wkh uvw shulrg1 Wkh pdlq gulylqj irufh iru rxu
uhvxowv lq wklv fdvh lv wkh lqwhusod| ehwzhhq wkh yhuwlfdo glhuhqwldwlrq/ dqg
wkh lglrv|qfudwlf glhuhqwldwlrq1 Iluvw shulrg vdohv ohdg qdwxudoo| wr pdunhw
vhjphqwdwlrq/ dqg wkh hqwudqw fkrrvhv wkh hqwu| vwudwhj| wr pd{lpdoo| h{0
wudfw vxusoxv dorqj wkhvh wzr glphqvlrqv1 H{dpsohv ri surgxfwv ri wklv w|sh
lqfoxgh skdupdfhxwlfdov zkhuh h{whqvlyh whvwv sulru wr hqwu| duh vx!flhqw
wr ghwhuplqh wkh djjuhjdwh hhfwlyhqhvv ri wkh wuhdwphqw lq wkh srsxodwlrq1
Krz zhoo wkh guxj zrunv iru dq lqglylgxdo sdwlhqw lv/ krzhyhu/ d udqgrp
yduldeoh1
7

Rxu pdlq txdolwdwlyh qglqj lq wkh prqrsro| yhuvlrq ri wklv prgho lv
djdlq wkdw wkh djjuhvvlyhqhvv ri uvw shulrg vdohv lv ghwhuplqhg e| wkh txdo0
lw| ri wkh qhz surgxfw uhodwlyh wr wkh h{lvwlqj surgxfwv1 Ghshqglqj rq wkh
vl}h ri wkh lpsuryhphqw/ wkh sulfh sdwk wdnhv rqh ri wzr srvvleoh vkdshv1 Li
wkh lpsuryhphqw lv odujh hqrxjk iru prvw ex|huv/ wkhq sulfhv duh lqlwldoo|
kljk dqg ghfolqlqj1 Li wkh lpsuryhphqw lv qhjoljleoh iru d odujh sduw ri wkh
folhqwhoh/ wkhq wkh sulfhv duh lqlwldoo| orz dqg lqfuhdvlqj1 Wkhvh wzr vwudwh0
jlhv glhu prvwo| lq wkh lpsolhg lqwhuwhpsrudo vxusoxv h{wudfwlrq1 Lq wkh
uvw fdvh/ wkh prqrsrolvw lv fuhdp vnlpplqj wkh wrs ri wkh yhuwlfdo glhuhq0
wldwlrq glvwulexwlrq lq wkh uvw shulrg1 Lq wkh vhfrqg fdvh/ wkh prqrsrolvw
h{wudfwv wkh wrs ri wkh lglrv|qfudwlf txdolw| glvwulexwlrq lq wkh vhfrqg sh0
ulrg1 Zh dovr vkrz wkdw wkhvh txdolwdwlyh uhvxowv h{whqg wr wkh gxrsro| fdvh
dv zhoo1
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Uhodwhg Olwhudwxuh

Rxu prgho lv uhodwhg wr d qxpehu ri eudqfkhv lq wkh olwhudwxuh rq lpshuihfw
frpshwlwlrq1 Wkh prgho ri yhuwlfdo glhuhqwldwlrq zdv uvw ghyhorshg lq wkh
frqwh{w ri d gxrsro| prgho e| Jdev}hzlf} ) Wklvvh +4<:<,/ +4<;3,/ dqg
Vkdnhg ) Vxwwrq +4<;5,/ +4<;6,1 Wkh hpskdvlv lq wkrvh prghov zdv rq wkh
rswlpdo fkrlfhv ri surgxfw txdolwlhv iru frpshwlqj surgxfhuv1 Wkh surgxfw
fkdudfwhulvwlfv zhuh frpprqo| nqrzq wr doo wkh sduwlflsdqwv lq wkh pdunhw/
dqg wkh txdolw| fkrlfhv e| wkh upv zhuh iroorzhg e| d vhfrqg vwdjh sulfh
frpshwlwlrq1 Jdo0Ru +4<;6, dqg Erqqdqr +4<;9, uvw frqvlghuhg txdqwlw|
frpshwlwlrq lq d prgho ri yhuwlfdo glhuhqwldwlrq1 Rxu sulpdu| lqwhuhvw lq
wklv sdshu lv lq h{sodlqlqj revhuyhg glhuhqfhv lq wkh txdolwdwlyh ihdwxuhv ri
lqlwldo sulflqj1 Wr doorz iru d zlgh udqjh ri srvvlelolwlhv/ zh zdqw wr kdyh
wkh h{lelolw| lq wkh ghpdqg vwuxfwxuh drughg e| yhuwlfdo glhuhqwldwlrq1
Wkh uhfhqw olwhudwxuh rq h{shulphqwdwlrq dqg vwudwhjlf h{shulphqwdwlrq
kdv frqvlghuhg prghov forvho| uhodwhg wr wkh frpprq ydoxhv fdvh ri wkh fxu0
uhqw sdshu1 Hduo| prghov vxfk dv Urwkvfklog +4<:7, dqg PfOhqqdq +4<;7,
frqvlghu wkh ohduqlqj sureohp ri d prqrsrolvw idflqj d {hg ghpdqg fxuyh
zlwk xqnqrzq sdudphwhuv14 Djklrq/ Hvslqrvd ) Mxoolhq +4<<6,/ Kduulqjwrq
4

Wkh prqrsro| ohduqlqj sureohp lv ixuwkhu dqdo|}hg/ dprqj rwkhuv/ lq Suhvfrww +4<:5,/
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+4<<8, dqg Nhoohu ) Udg| +4<<;, dqdo|}h d gxrsrolvwlf pdunhw zkhuh wzr
frpshwlwruv ohduq erxw wkh vxevwlwxwdelolw| ehwzhhq wkhlu surgxfwv1 Lq wkhvh
prghov/ xvhixo lqirupdwlrq ehfrphv dydlodeoh zkhqhyhu hlwkhu ri wkh upv
pdnhv d vdoh1 Wkh pdlq glhuhqfh ehwzhhq wkhvh sdshuv dqg wkh fxuuhqw
sdshu lv wkdw khuh wkh dfwxdo ghpdqg fxuyh/ dqg qrw rqo| wkh eholhiv derxw
wkh ghpdqg/ ghshqgv rq sdvw vdohv1 Ehujhpdqq ) Yçolpçnl +4<<:, frqvlg0
huv wkh hqwu| sureohp ri d qhz surgxfw lq d vlwxdwlrq zkhuh wkh ex|huv duh
krul}rqwdoo| glhuhqwldwhg1 Wr rxu nqrzohgjh/ wkh prgho ri hqwu| zlwk yhu0
wlfdo glhuhqwldwlrq dqg frpprq ydoxhv lv qhz wr wklv sdshu1 Lq wkh devhqfh
ri wkh yhuwlfdo glhuhqwldwlrq/ wkh suhylrxv prghov ri hqwu| fdqqrw jhqhudwh
txdolwdwlyho| glhuhqw suhglfwlrqv iru wkh vshhg ri hqwu| iru glhuhqw w|shv ri
qhz surgxfwv1 Wkh sxeolf revhuydelolw| ri xwlolw| vljqdov lv fhqwudo wr vrph
uhfhqw prghov ri zrug0ri0prxwk frppxqlfdwlrq vxfk dv PfIdgghq ) Wudlq
+4<<9,1
Prqrsro| prghov vlplodu wr rxu sulydwh ydoxhv fdvh zhuh wuhdwhg lq Plo0
jurp ) Urehuwv +4<;9,/ Iduuhoo +4<;9, dqg Wluroh +4<;;,1 Doo ri wkhvh prghov
pdnh wkh dvvxpswlrq wkdw wkh shufhlyhg txdolw| lv hlwkhu kljk ru rwkhuzlvh ri
ydoxh }hur1 Zh ylhz wklv uhvwulfwlrq dv xqqhfhvvdu| dqg xquhdolvwlf lq pdq|
vlwxdwlrqv1 Lq d yhuwlfdoo| glhuhqwldwhg prgho/ wkhuh rxjkw wr eh hqrxjk
h{lelolw| wr lqfrusrudwh wkh srvvlelolw| wkdw wkh lglrv|qfudwlf shufhswlrq ri
txdolw| dqg wkh zloolqjqhvv wr sd| iru txdolw| lqwhudfw lq d qrq0wulyldo pdq0
qhu1 Rxu prgho doorzv iru wkh srvvlelolw| wkdw wkh prqrsrolvw pdnhv vrph
vdohv wr ex|huv zlwk d kljk zloolqjqhvv wr sd| dqg d prghudwh shufhswlrq ri
wkh txdolw| ri wkh qhz surgxfw1 Ex|huv zlwk d orzhu zloolqjqhvv wr sd| iru
txdolw| pxvw kdyh pruh rswlplvwlf eholhiv lq rughu wr pdnh wkh sxufkdvhv1
Wklv jhqhudol}dwlrq doorzv iru ulfkhu fkdudfwhul}dwlrq ri wkh rswlpdo srolf|
ri wkh prqrsrolvw1 Lq rxu prgho/ lw lv srvvleoh wkdw wkh pdujlqdo ex|hu lq
wkh vhfrqg shulrg pljkw kdyh d orzhu zloolqjqhvv wr sd| iru txdolw| wkdq wkh
pdujlqdo ex|hu lq wkh uvw shulrg dqg dv d uhvxow/ ex|huv kdyh dq lqfhqwlyh
iru h{shulphqwdo frqvxpswlrq1 Fuhphu +4<;7, frqvlghuv d prgho zlwk lql0
wldoo| lghqwlfdo ex|huv dqg lglrv|qfudwlf h{shulhqfh wr h{sodlq frxsrqv dqg
Nlkovwurp/ Plupdq ) Srvwohzdlwh +4<;7,/ Hdvoh| ) Nlhihu +4<;;,/ Djklrq/ Erowrq/ Kduulv
) Mxoolhq +4<<4,/ Plupdq/ Vdpxhovrq ) Xuedqr +4<<6,/ dqg Wuh"hu +4<<6,1

9

hqwu| ihhv iru vkrsslqj foxev1
Ilqdoo|/ frqglwlrqv iru lqlwldoo| kljk sulfhv kdyh ehhq rewdlqhg lq dv|p0
phwulf lqirupdwlrq prghov ri hqwu|1 Lq wkrvh sdshuv/ wkh prqrsrolvw lv
dvvxphg wr nqrz wkh wuxh ydoxh ri wkh surgxfw/ dqg wkh sulfhv fkrvhq vhuyh
dv vljqdov ri wkh wuxh txdolw|1 D surplqhqw h{dpsoh ri vxfk prghov lv Edj0
zhoo ) Ulrugdq +4<<4, zkhuh kljk dqg ghfolqlqj sulfhv vhuyh dv vljqdov ri
kljk surgxfw txdolw|1 Mxgg ) Ulrugdq +4<<7, frqvlghu d prgho zlwk lqlwldoo|
v|pphwulf lqirupdwlrq zkhuh sulydwh vljqdov duh uhfhlyhg e| wkh prqrsrolvw
dqg wkh ex|huv diwhu uvw shulrg fkrlfhv1 Wkh up wkhq idfhv d vljqdoolqj
sureohp lq wkh vhfrqg shulrg1 Wkh uhvxowv lq wkhvh prghov ghshqg rq wkh
ghwdlov ri wkh lqirupdwlrq uhyhodwlrq phfkdqlvp dqg wkh frvw vwuxfwxuh1 Lq
rxu prgho/ wkh uhvxowv ghshqg rqo| rq wkh txdolw| glhuhqfh ehwzhhq wkh
surgxfwv zklfk fdq lq sulqflsoh eh lqihuuhg gluhfwo| iurp wkh uhdol}hg sulfhv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 frqwdlqv wkh prgho xvhg lq
wkh sdshu1 Vhfwlrq 6 suhvhqwv wkh dqdo|vlv lq wkh prgho zlwk frpprq ydoxhv1
Vhfwlrq 7 frqvlghuv wkh sulydwh ydoxhv prgho1 Vhfwlrq 8 frqfoxghv1

5

Wkh Prgho

Dq hqwudqw odxqfkhv d qhz surgxfw lq d wzr shulrg prgho zlwk w 5 i3> 4j1
Wkh ex|huv kdyh xqlw ghpdqg iru wkh jrrgv1 Wkh| duh yhuwlfdoo| glhuhqwl0
dwhg dqg glvwulexwhg rq wkh xqlw vtxduh1 Wkh krul}rqwdo frruglqdwh lqgh{hv
wkhlu zloolqjqhvv wr sd| iru txdolw|/ y 5 ^3> 4` > dqg wkh yhuwlfdo frruglqdwh
lqgh{hv wkhlu wdvwh iru wkh qhz surgxfw/ 1 Zh dvvxph wkurxjkrxw wkdw wkh
wdvwh  lv lqghshqghqw ri wkh yhuwlfdo glhuhqwldwlrq y1 Wkh pdujlqdo glv0
wulexwlrq rq y lv dvvxphg wr eh xqlirup1 Wkh wdvwh  ri ex|hu l iru wkh
qhz surgxfw lv lqlwldoo| xqnqrzq wr ex|hu l +dqg hyhu|erg| hovh, dqg  lv d
udqgrp yduldeoh lq shulrg 31 Frqglwlrqdoo| rq nqrzlqj  > ex|hu l lv zloolqj
wr sd| xs wr   y iru wkh qhz surgxfw1 Dw wkh ehjlqqlqj ri shulrg 3/ doo
sod|huv vkduh wkh frpprq sulru eholhiv=
  If +, >

:

 
zkhuh  5 > 
  ^3> 4`1 Qrwlfh wkdw wklv doorzv iru wkh srvvlelolw| ri
frpprq ydoxhv/ zkhuh  @  iru doo l dqg m dv zhoo dv wkh sulydwh ydoxhv
fdvh zkhuh hdfk  lv lqghshqghqw ri   iru doo m 9@ l= Wkh wdvwh  pd|
wkhuhiruh ghvfuleh dq remhfwlyh xqnqrzq txdolw| vxfk dv uholdelolw| lq wudyho
ru frppxqlfdwlrq vhuylfhv ru dq lglrv|qfudwlf txdolw| zklfk uhsuhvhqw wkh
ydoxh ri wkh pdwfk ehwzhhq wkh surgxfw dqg d vshflf ex|hu l/ dv lq d qhz
skdupdfhxwlfdo surgxfw1 Wkh h{shfwhg txdolw| lv ghqrwhg e|
k 
l
| @ H  I| +, >
zkhuh zh kdyh doorzhg iru wkh srvvlelolw| ri glhuhqw eholhiv rq wkh txdolw|
lq shulrg 4 edvhg rq shulrg 3 h{shulhqfhv1
Wkh ex|huv kdyh dffhvv wr d vxevwlwxwh surgxfw zklfk lv nqrzq dqg kdv
d vdih txdolw| v1 Ex|huv orfdwhg dw y> duh zloolqj wr sd| xs wr vy iru wkh
hvwdeolvkhg surgxfw1
Zh frqvlghu wzr dowhuqdwlyh pdunhw vwuxfwxuhv1 Lq wkh uvw/ zh dvvxph
wkdw wkh vdih surgxfw lv surgxfhg frpshwlwlyho|/ dqg dv d uhvxow lwv htxl0
oleulxp sulfh lv dozd|v dw pdujlqdo frvw qrupdol}hg wr 31 Lq wkh vhfrqg
pdunhw vwuxfwxuh/ wkh hvwdeolvkhg surgxfw lv surgxfhg e| d vlqjoh frpshwl0
wru1 Wkh htxloleulxp sulfhv duh ghwhuplqhg e| wkh txdqwlwlhv vxssolhg zklfk
duh ghqrwhg e| t| dqg t|7 iru wkh qhz dqg wkh vdih up+v,/ uhvshfwlyho|1 Lq
dq| fdvh/ wkh upv fkrrvh txdqwlwlhv lq hdfk shulrg vlpxowdqhrxvo| dqg wkh
pdunhw fohdulqj frqglwlrqv ghwhuplqh wkh htxloleulxp sulfhv1
Wkh qhz surgxfw lv dq h{shulhqfh jrrg dqg vdohv lq shulrg 3 jhqhudwh
ydoxdeoh lqirupdwlrq iru sxufkdvhv lq wkh vxevhtxhqw shulrg1 Lq wkh frp0
prq ydoxhv fdvh/ zh dvvxph wkdw doo lqirupdwlrq lv sxeolfo| revhuyhg dqg
wkh dprxqw ri lqirupdwlrq ghshqgv rq wkh vdohv tf lq shulrg 3= Wkh frp0
prq srvwhulru suredelolw| rq wkh surgxfw txdolw| lv ghqrwhg e| I +,1 Wkh
+h{ dqwh, glvwulexwlrq ri wkh srvwhulru eholhiv derxw wkh txdolw|/ ghqrwhg e|
 

I  If > tf / ghshqgv rq wkh sulru eholhiv If +, dqg rq wkh yroxph ri
wkh vdohv tf 1 Lq wkh frpprq ydoxhv fdvh/ odujhu txdqwlwlhv duh dvvxphg wr


|lhog pruh suhflvh lqirupdwlrq1 Irupdoo|/ I  m If > tf lv dvvxphg wr eh
vhfrqg rughu vwrfkdvwlfdoo| ghfuhdvlqj lq tf =
Lq wkh fdvh ri sulydwh ydoxhv/ zh dvvxph iru vlpsolflw| wkdw ex|huv ohduq
;

wkhlu wdvwhv lq d vlqjoh wuldo zlwk wkh qhz surgxfw1 Li ex|huv dw orfdwlrq y
sxufkdvhv wkh qhz surgxfw lq shulrg 3/ wkh| ohduq wkhlu shufhlyhg txdolw|
sdudphwhuv zlwk fhuwdlqw|15 Dv d uhvxow/ h{ dqwh lghqwlfdo ex|huv pd| kdyh
glhuhqw wdvwhv h{0srvw1 Zh ghqrwh wkh eholhi ri d jlyhq ex|hu/ l djdlq e|
I +, = Wkh glhuhqfh wr wkh frpprq ydoxhv fdvh lv wkdw I +, lv qr orqjhu
frqvwdqw dfurvv l1 Iru doo l wkdw glg qrw sxufkdvh wkh surgxfw lq shulrg 3/
I +, @ If +, > exw iru doo wkrvh l wkdw sxufkdvhg wkh surgxfw/ I +, 5
i3> 4j = Hyhq wkrxjk hdfk I +, lv udqgrp/ wkh djjuhjdwh glvwulexwlrq ri
I +, lv ghwhuplqlvwlf e| wkh odz ri odujh qxpehuv dv orqj dv doo ex|huv zlwk
wkh vdph y pdnh wkh vdph sxufkdvlqj ghflvlrqv1 Zh ghqrwh wkh yhfwru ri
vhfrqg shulrg h{shfwhg txdolwlhv e|  =
Jlyhq  / zh fdq zulwh wkh shulrg 4 lqyhuvh ghpdqg ixqfwlrqv dv


s @ g t7 > t >  >
dqg qg wkh Qdvk htxloleuld ri wkh shulrg 4 vwdjh jdph ehwzhhq wkh upv1
Iru hyhu| yhfwru ri srvwhulru suredelolwlhv   > wkh txdqwlwlhv fkrvhq e| wkh
upv pxvw eh rswlpdo jlyhq zkdw rwkhu upv duh grlqj1 Ghqrwlqj wkh
htxloleulxp fkrlfhv e| t + , iru m 5 iQ> Vj/ shulrg 4 htxloleulxp surwv
duh jlyhq e|=


  + , @ t + , g t7 +  , > t + , >  =
Lq wkh lqlwldo shulrg/ sod|huv wdnh lqwr dffrxqw wkhlu hhfw rq I 1 Ghqrwh
wkh lqyhuvh ghpdqg ixqfwlrqv e|=


sf @ gf tf > tf7 > If =
Wkh ryhudoo sd|r ixqfwlrqv iru wkh upv duh=
]
  7

  7

 




 tf > tf > If @ tf gf tf > tf > If .   + , gI  If > tf =
Wkh vxejdph shuihfw htxloleulxp +VSH, lv jlyhq e| d yhfwru ri txdqwlwlhv/


  7
tf > tf dqg t7 + , > t + , iru hdfk srvvleoh uhdol}dwlrq ri  vxfk wkdw
wkh| irup d Qdvk htxloleulxp iru hyhu| vxejdph1
5

Zh duh dvvxplqj wkdw wkh odz ri odujh qxpehuv krogv lq wklv fdvh1

<

6

Frpprq Ydoxhv

Zlwk frpprq ydoxhv/ doo ex|huv djuhh derxw wkh wuxh txdolw| ri wkh qhz
surgxfw/ ru  @  iru doo l> m= Wkh prqrsro| zlwk d frpshwlwlyh iulqjh lv
frqvlghuhg dv d ehqfkpdun prgho lq Vxevhfwlrq 6141 Wkh gxrsro| lv dqd0
o|}hg lq Vxevhfwlrq 615 dqg 6161 Wkh lqfhqwlyhv wr lqqrydwh lq wkh vwudwhjlf
hqylurqphqw duh glvfxvvhg lq 6171 Wkh urexvwqhvv ri wkh txdqwlw| frpshwl0
wlrq uhvxowv duh frqvlghuhg lq Vxevhfwlrq 618/ zkhuh wkh| duh frqwudvwhg wr
d prgho zlwk sulfh frpshwlwlrq1

614

Prqrsro|

Zh dqdo|}h uvw wkh rswlpdo hqwu| vwudwhj| lq wkh fdvh zkhuh d vxevwlwxwh
surgxfw lv vxssolhg dw }hur sulfh e| d frpshwlwlyh iulqjh1 Wkh qhz up
ghflghv wkh rswlpdo vdohv txdqwlwlhv lq d wzr0shulrg prgho1 Wkh ex|huv ri
w|sh y ydoxh wkh h{lvwlqj surgxfw dw vy> zkhuhdv wkhlu +h{shfwhg, ydoxdwlrq
iru wkh qhz surgxfw lq shulrg w 5 i3> 4j lv | y=6 Wkh +h{shfwhg, txdolw|
glhuhqfh ehwzhhq wkh wzr surgxfwv lv ghqrwhg e| | =
|   |  v=
Zh vroyh iru wkh rswlpdo txdqwlwlhv e| edfnzdugv lqgxfwlrq1 Wkh shulrg
4 pdunhw fohdulqj sulfh iru wkh qhz up zkhq vhoolqj txdqwlw| t lv jlyhq
e| wkh lqglhuhqfh ri wkh ex|huv zlwk y @ 4  t =

  +  v, =
s
 @ 4  t
Wklv sulfh lv srvlwlyh rqo| li  A v=7 Lq wkdw fdvh/ wkh rswlpdo vdohv txdqwlw|
lv lqghshqghqw ri  dqg lghqwlfdo wr wkh p|rslf txdqwlw|/ ghqrwhg e| p
|/


zlwk p| @ 2 1 Zh duh prvwo| lqwhuhvwhg lq wzr vshflfdwlrqv iru wkh ydoxhv
ri 
 dqg 1 Lq wkh uvw/ wkh qhz surgxfw lv fhuwdlqo| dq lpsuryhphqw rq wkh
h{lvwlqj surgxfwv/ ru  A v/ dqg lw iroorzv wkdw   A v zlwk suredelolw| 41
6

Uhfdoo wkdw zh duh dvvxplqj wkdw wkh vhfrqg shulrg eholhiv ri wkh ex|huv duh lghqwlfdo
vlqfh doo uvw shulrg h{shulhqfhv duh sxeolfo| nqrzq1
7
Qrwlfh wkdw r fdq dovr eh lqwhusuhwhg dv wkh frqvwdqw pdujlqdo frvw ri surgxfwlrq1 D
qhjdwlyh sulfh fruuhvsrqgv wkhq wr d qhjdwlyh pdunxs1

43

Dv d uhvxow/ wkh rswlpdo surw ri wkh qhz vhoohu lv olqhdu lq   1 Li   v> wkhq
wkh qhz surgxfw lv dw ehvw d shuihfw vxevwlwxwh iru wkh h{lvwlqj surgxfwv1 Lq
wklv fdvh/  ? v zlwk suredelolw| 4/ dqg wkh rswlpdo dfwlrq lv wr vhoo t @ 3/
zklfk frlqflghv zlwk wkh p|rslfdoo| rswlpdo dfwlrq p
 @ 31
Wr olqn wkh wzr shulrgv ri wkh jdph/ zh qhhg wr vshfli| wkh phfkdqlvp ri
lqirupdwlrq uhyhodwlrq1 Wkh vdohv lq shulrg 3 jhqhudwh lqirupdwlrq wkurxjk
wkh h{shulhqfh wkh ex|huv pdnh zlwk qhz surgxfw1 Wkh qhz lqirupdwlrq
ehfrphv dydlodeoh lq shulrg 4 hlwkhu wkurxjk zrug0ri0prxwk frppxqlfdwlrq
ru frqvxphu uhsruw vhuylfhv1 Zh pdnh wkh iroorzlqj dvvxpswlrq lq wklv
vhfwlrq1
 

Dvvxpswlrq 41 I   If > tf lv vhfrqg rughu vwrfkdvwlfdoo| ghfuhdvlqj lq
tf 1
Lq rwkhu zrugv/ wkh txdqwlw| tf jhqhudwhv d phdq0suhvhuylqj vsuhdg lq
wkh vhqvh wkdw wkh h{shfwhg txdolw| lq shulrg 4 lv lqghshqghqw ri wkh yroxph
ri vdohv tf lq shulrg 3/ ru
]
 

  gI  If > tf @ f >

iru doo If dqg tf 1 Krzhyhu/ wkh yduldelolw| lq wkh eholhiv wrpruurz lv lqfuhdv0
lqj lq tf 1 Wklv lpsolhv wkdw d odujhu yroxph ri vdohv fduulhv pruh lqirupdwlrq
dqg ohdgv wr odujhu +h{shfwhg, fkdqjhv lq wkh srvwhulru eholhi   1 Lq rughu
wr eh deoh wr pdnh xvh ri fdofxoxv/ zh dovr pdnh wkh iroorzlqj whfkqlfdo
dvvxpswlrq1
 

Dvvxpswlrq 51 I   If > tf lv wzlfh frqwlqxrxvo| glhuhqwldeoh lq tf 1
 

Qrwlfh dovr wkdw dv orqj dv I  If > tf lv frqwlqxrxv lq tf doo ex|huv
duh lqirupdwlrqdoo| vpdoo1 D ex|hu zrxog wkhuhiruh qrw kdyh d vwulfw lqfhq0
wlyh wr olh zkhq dvnhg derxw khu h{shulhqfh lq shulrg 31 Lq rwkhu zrugv/ wkh
dvvxpswlrq ri zrug0ri0prxwk frppxqlfdwlrq lv lqfhqwlyh frpsdwleoh xqghu
d zhdnhu yhuvlrq ri Dvvxpswlrq 51
Wkh lpsuryhphqw fdvh zkhuh  A v dqg wkh vxevwlwxwh fdvh zkhuh  ? v
glvsod| d olqhdulw| ri shulrg 4 surw lq   1 Xqghu wkh dvvxpswlrq ri vhfrqg

 
rughu vwrfkdvwlf grplqdqfh H  If > tf @  f uhjdugohvv ri tf dqg khqfh
shulrg 4 surwv duh lqghshqghqw ri wkh htxloleulxp txdqwlwlhv lq shulrg 31
44

Lq wkh lqwhuphgldwh fdvh zkhuh  ? v ? / lw lv srvvleoh wkdw erwk
i A vj dqg i ? vj duh hyhqwv zlwk srvlwlyh suredelolw| h{ dqwh1 Lq wklv
fdvh/ wkh surw ixqfwlrq ri wkh prqrsrolvw lq shulrg 4 lv frqyh{ lq  > dqg
lqirupdwlrq lv ydoxdeoh1 E| Dvvxpswlrq 4/ pruh lqirupdwlrq lv jhqhudwhg
wkurxjk kljkhu lqlwldo vdohv/ dqg lw lv wkhq rswlpdo iru wkh prqrsrolvw wr pdnh

vdohv eh|rqg wkh p|rslfdoo| rswlpdo txdqwlw| p
f @ 2 = Zh fdq vxppdul}h
wkh qglqjv ehorz lq
Sursrvlwlrq 4 +Prqrsro| Vdohv,

41 Iru   v> wkh htxloleulxp txdqwlwlhv duh t| @ p
| @ 2>

51 Iru 
  v> t| @ p
| @ 3>



61 Iru  ? v ? 
> tf  p
f / dqg t @ p =
Khqfh zh revhuyh wkdw qhz surgxfwv wkdw duh fhuwdlq lpsuryhphqwv rq
wkh h{lvwlqj surgxfw duh lqwurgxfhg dw txdqwlwlhv htxdo wr wkh p|rslfdoo| rs0
wlpdo txdqwlwlhv/ exw surgxfwv wkdw kdyh uhdo xqfhuwdlqw| vxuurxqglqj wkhlu
yldelolw| pd| eh lqwurgxfhg dw txdqwlwlhv deryh wkh p|rslfdoo| rswlpdo rqhv1
Wklv revhuydwlrq frqqhfwlqj wkh lqlwldo txdqwlwlhv wr wkh surgxfw txdolw| zloo
dovr eh wkh nh| ihdwxuh lq wkh prgho ri vwudwhjlf frpshwlwlrq zklfk lv frq0
vlghuhg qh{w1 Wkh lqhtxdolw| tf  p
f lv qrw qhfhvvdulo| vwulfw dv wkh vsuhdg

lq wkh glvwulexwlrq jhqhudwhg e| tf pd| eh uhvwulfwhg wr rffxu rqo| lqvlgh
wkh hyhqwv i A vj dqg i ? vj zkloh ohdylqj wkh suredelolw| ri hdfk hyhqw
xqfkdqjhg1 Lq wklv fdvh/ wkh sureohp uhpdlqv olqhdu dqg wkh lqhtxdolw| lv
rqo| d zhdn rqh1

615

Vwdwlf Gxrsro|

Lq wklv vxevhfwlrq/ zh dvvxph wkdw wkh vxevwlwxwh surgxfw lv surgxfhg e|
d vlqjoh frpshwlwru udwkhu wkdq d frpshwlwlyh lqgxvwu|1 Wklv doorzv xv wr
irfxv rq wkh vwudwhjlf hhfwv ri hqwu| rq wkh wzr upv ghshqglqj rq wkh
ihdwxuhv ri wkh qhz surgxfw1 Zh vwduw wkh dqdo|vlv zlwk wkh frpshwlwlrq lq
shulrg 41

45

Iru wkh uhpdlqghu ri wklv vhfwlrq/ zh dvvxph zlwkrxw orvv ri jhqhu0
dolw| wkdw  A 3= Iru  ? 3> wkh urohv ri wkh wzr upv duh vlpso|
uhyhuvhg1 Wr fdofxodwh wkh Qdvk htxloleulxp/ zh qhhg wr ghwhuplqh wkh
htxloleulxp sulfhv wkdw vdwlvi| wkuhh surshuwlhv= +l, ex|huv zlwk ydoxdwlrqv


y 5 4  t7  t > 4  t suhihu wkh vdih wr wkh qhz up/ +ll, ex|huv zlwk


y 5 4  t > 4 suhihu wkh qhz up dqg +lll, doo ex|huv jhw d qrqqhjdwlyh
h{shfwhg xwlolw| iurp wkhlu sxufkdvhv1 Ohw s7 > s
 eh wkh htxloleulxp sulfhv1
Wkhq


s7 @ v 4  t7  t
dqg


7   .  4  t  =
s
 @ v 4  t  t


Wkh vhfrqg shulrg sd|rv fdq eh zulwwhq dv ixqfwlrqv ri wkh txdqwlwlhv
  7
t > t =




 7 t7 > t @ t7 v 4  t7  t
dqg

 7 
 



t > t @ t v 4  t7  t .  4  t =



Qrwlfh wkdw dw  @ 3/ wkh sd|rv frlqflgh zlwk wkrvh lq d krprjhqrxv
jrrgv Frxuqrw prgho1 Wkh Qdvk htxloleulxp ri wkh gxrsro| lv rewdlqhg


e| vroylqj vlpxowdqhrxvo| iru surw pd{lpl}lqj t > t7 18 Revhuyh uvw
wkdw wkh hvwdeolvkhg up*v uhdfwlrq ixqfwlrq lv lqghshqghqw ri wkh ohyho ri
glhuhqwldwlrq1 Wkh txdqwlw| vhw e| wkh qhz up/ t ghwhuplqhv wkh vl}h
ri wkh pdunhw iru wkh hvwdeolvkhg up/ dqg wkh sulfh lv ghwhuplqhg iurp wkh
}hur vxusoxv frqglwlrq ri wkh pdujlqdo ex|hu1 Qhlwkhu lqyroyhv wkh ohyho ri
glhuhqwldwlrq rqfh wkh rxwsxw ohyho ri wkh qhz up lv jlyhq=

 4

4  t =
t7 t >  @
5
Wkh uhdfwlrq ixqfwlrq ri wkh qhz up lv jlyhq e|=

 4
v
t7 =
t t7 >  @ 
5 5 +v .  , 
8

Zlwk wkh olqhdu ghpdqg vshflfdwlrq/ wkh surw ixqfwlrq ri hdfk up lv frqfdyh lq lwv
rzq txdqwlw|/ dqg wkhuhiruh uvw rughu frqglwlrqv duh dovr vx!flhqw iru rswlpdolw|1

46

Iru doo ohyhov ri  > wkh rswlpdo uhdfwlrq wr t7 @ 3 lv jlyhq e| wkh prqrsro|
txdqwlw| t @ 2 = Dw  @ 3> wkh hhfw ri wkh hvwdeolvkhg up*v ghflvlrqv rq
wkh rswlpdo uhdfwlrqv ri wkh qhz up lv dw lwv vwurqjhvw1 Dv  lqfuhdvhv/
wkh uhdfwlrq fxuyh ri wkh qhz up ehfrphv dwwhu/ hyhqwxdoo| frqyhujlqj
wr d frqvwdqw rq wkh prqrsro| txdqwlw|1 Lq d vhqvh/ wkh qhz up ehfrphv
vwudwhjlfdoo| lqghshqghqw ri wkh hvwdeolvkhg up dv  jurzv1
Wkh uhdfwlrq ixqfwlrq ri wkh qhz up fdq eh zulwwhq dv=




 
v
t .
t t7 > 3 =
t t7 >  @
v . 
v . 
Iurp wklv htxdwlrq/ zh vhh wkdw wkh uhdfwlrq ri wkh qhz up lv d zhljkwhg
dyhudjh ri wkh prqrsro| ehvw uhvsrqvh dqg wkh Frxuqrw uhdfwlrq ixqfwlrq
dw }hur glhuhqwldwlrq1
Zlwk wkh uhdfwlrq ixqfwlrqv/ lw lv hdv| wr vroyh iru wkh htxloleulxp txdq0
wlwlhv=
v . 5
>
t + , @
6v . 7
dqg
v . 
t7 + , @
=
6v . 7
Qrwlfh wkdw wkhvh txdqwlwlhv frqyhujh wr wkh Frxuqrw txdqwlwlhv dv  frq0
yhujhv wr }hur1 Zkhq  lv odujh/ erwk upv ehkdyh dv li wkh| zhuh prqrs0
rolvwv rq wkhlu sduwv ri wkh ghpdqg fxuyh1 Htxloleulxp sulfhv iru wkh upv
duh=
+v .  , +v . 5 ,
s
 + , @
6v . 7
dqg
v +v .  ,
=
s7 + , @
6v . 7
Wkh htxloleulxp vhfrqg shulrg surwv/   + , duh wkhq jlyhq e|=
 
2

 + , @ +v .  , t + ,
dqg


2
 7 + , @ v t7 + , =

+4,

D gluhfw fdofxodwlrq |lhogv wkh iroorzlqj uhvxow rq wkh fxuydwxuhv ri wkh htxl0
oleulxp surw ixqfwlrqv1
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Sursrvlwlrq 5 +Fxuydwxuhv,


7
7
41 Iru  A 3>  
 + , dqg t + , duh frqfdyh dqg   + , dqg t + , duh
frqyh{ lq  =

7
7
51 Iru  ? 3>  
 + , dqg t + , duh frqyh{/ dqg   + , dqg t + ,
duh frqfdyh lq  =
Dq lqwxlwlrq iru wkh frqfdylw| ri wkh ydoxh ixqfwlrq ri wkh qhz up uxqv
dv iroorzv1 Dw orz  dqg  A 3/ d pdujlqdo lqfuhdvh lq  lqfuhdvhv
wkh surw ri wkh qhz up wkurxjk wzr fkdqqhov1 Iluvw/ lw lqfuhdvhv wkh
sulfh iru {hg txdqwlwlhv1 Wklv gluhfw hhfw lv wkh vdph dw doo ohyhov ri
 dv orqj dv wkh txdqwlwlhv vxssolhg duh xqfkdqjhg1 Wkhuh lv dovr wkh
lqgluhfw hhfw iurp d vwurqjhu frpshwlwlyh srvlwlrq ri wkh qhz up dqg
wkh fruuhvsrqglqj uhgxfwlrq lq wkh txdqwlw| ri wkh hvwdeolvkhg up1 Wklv
hhfw lv vwurqjhvw zkhq  lv forvh wr 3/ dqg ydqlvkhv dv  lqfuhdvhv1 Wkh
frpelqdwlrq ri wkhvh wzr hhfwv ohdgv wr d frqfdyh ryhudoo surw ixqfwlrq1
Wkh dujxphqw iru wkh frqyh{lw| lq wkh surw ixqfwlrq ri wkh hvwdeolvkhg
up lv hvwdeolvkhg vlploduo|1 Wklv jhqhudo dujxphqw dovr lqglfdwhv wkdw wkh
fxuydwxuh surshuwlhv frqwlqxh wr krog iru d pruh jhqhudo fodvv ri ghqvlwlhv
ryhu wkh vsdfh ri wkh yhuwlfdo glhuhqwldwlrq sdudphwhu y wkdq wkh xqlirup
ghqvlw| dvvxphg khuh1 Ixuwkhu xvh ri wkh fxuydwxuh surshuwlhv lv pdgh zkhq
zh frqvlghu wkh lqfhqwlyhv wr lqqrydwh1
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G|qdplf Gxrsro|

Qh{w/ zh uhodwh wkh lqwhuwhpsrudo frpshwlwlrq jdph wr wkh ohduqlqj iurp
h{shulhqfh1 Lw lv frqyhqlhqw wr ghqh/ zlwk voljkw dexvh ri qrwdwlrq/
]
 
 

iru m 5 iV> Qj =
  tf    + , gI   If > tf
Wkh lqwhuwhpsrudo surw ixqfwlrq ri up m lv jlyhq e| edfnzdugv lqgxfwlrq=




 
 tf > tf7 > If @  f tf > tf7 > If .   tf =
+5,


Iru hdfk up wkh remhfwlyh ixqfwlrq lq shulrg 3 lv jlyhq e|  tf > tf7 > If 1
Wkh lqglhuhqfh frqglwlrq iru wkh ex|huv lq shulrg 3 lv lghqwlfdo wr wkh
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vwdwlf lqglhuhqfh frqglwlrq dv wkh sxufkdvh ghflvlrq ri dq| vlqjoh ex|hu
lv zlwkrxw lq xhqfh rq wkh srvwhulru glvwulexwlrq ri wkh frpprq eholhiv lq
shulrg 41 Wkh iroorzlqj ohppd lv dq lpphgldwh frqvhtxhqfh ri wkh uhvxowv
rq wkh fxuydwxuhv ri shulrg 4 surw ixqfwlrqv1
Ohppd 4
 
41 Vxssrvh wkdw Su i  3j @ 4= Wkhq  7 tf lv lqfuhdvlqj lq tf dqg
 

tf lv ghfuhdvlqj lq tf =

 
51 Vxssrvh wkdw Su i  3j @ 4= Wkhq  7 tf lv ghfuhdvlqj lq tf dqg
 
tf lv lqfuhdvlqj lq tf =


S urri1 Vhh Dsshqgl{1
Wkh qh{w sursrvlwlrq suryhv wkh h{lvwhqfh ri dq htxloleulxp/ dqg ghulyhv
wkh txdolwdwlyh lpsolfdwlrqv rq htxloleulxp txdqwlwlhv iru wkh upv lq wkh
wzr fdvhv ri wkh Ohppd 41 Lqirupdoo|/ wkh sursrvlwlrq vwdwhv wkdw d fhuwdlq
lpsuryhphqw rq dq h{lvwlqj surgxfw lv lqwurgxfhg uhodwlyho| vorzo| zkloh d
orzhu txdolw| vxevwlwxwh lv odxqfkhg djjuhvvlyho| lq wkh pdunhw1
Sursrvlwlrq 6 Dq VSH lq sxuh vwudwhjlhv h{lvwv1 Li

7
7
41 Su i  3j @ 4/ wkhq tf ? p
f > dqg tf A pf lq dq| htxloleulxp ri
wkh g|qdplf jdph1
7
7
51 Su i  3j @ 4/ wkhq tf A p
f > dqg tf ? pf lq dq| htxloleulxp ri
wkh g|qdplf jdph1
S urri1 Vhh Dsshqgl{1
Iljxuh 4 looxvwudwhv wkh sursrvlwlrq e| vkrzlqj wkh vkliwv lq shulrg 3
uhdfwlrq ixqfwlrqv lqgxfhg e| wkh lqwhuwhpsrudo frqvlghudwlrqv1
^Lqvhuw Iljxuh 4 khuh`
Iru   3/ wkh qhz up lv vorz wr lqwurgxfh wkh qhz surgxfw dv wkh
surw dw wkh h{shfwhg ydoxh ri wkh surgxfw lv h{fhhgv wkh h{shfwhg surw
dw wkh wuxh txdolw|1 Iru   3/ wkh pdujlqdo ydoxh ri dq lqfuhdvh lq wkh
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txdolw| lv lqfuhdvlqj dqg khqfh wkh up zlvkhv wr dffhohudwh wkh glxvlrq ri
lqirupdwlrq/ ohdglqj wr d pruh djjuhvvlyh vwdqfh1 Dv rqo| wkh vdohv e| wkh
qhz surgxfw fduu| lqirupdwlrq/ wkh ehvw uhvsrqvh ixqfwlrq ri wkh hvwdeolvkhg
up lv frqvwdqw dfurvv  1 Wkh lqhtxdolwlhv lq Sursrvlwlrq 6 duh vwulfw dv
wkh sd|r ixqfwlrqv kdyh d qrq0}hur fxuydwxuh lq frqwudvw wr wkh olqhdulw| lq
wkh prqrsro| prgho1 Wkh htxloleulxp lq shulrg 3/ krzhyhu/ qhhg qrw wr eh
 

xqltxh vlqfh wkh lqirupdwlrq uhyhodwlrq uhsuhvhqwhg e| I  If > tf pd|
lqgxfh qrq0frqfdylwlhv lqwr wkh sd|r ixqfwlrqv1 Wkh txdolwdwlyh uhvxow lv
krzhyhu urexvw wr wkh pxowlsolflw| ri htxloleuld1
Wkh fkdudfwhul}dwlrq uhvxow lq Sursrvlwlrq 6 fdq eh h{whqghg wr wkh lq0
whuphgldwh fdvh zkhq wkh qhz surgxfw lv qhlwkhu d fhuwdlq lpsuryhphqw
qru d fhuwdlq vxevwlwxwh zlwk dgglwlrqdo vwuxfwxuh rq wkh xqfhuwdlqw| uhvr0
oxwlrq1 Wr wklv hqg frqvlghu wkh iroorzlqj h{dpsoh zkhuh wkh uhvroxwlrq ri
xqfhuwdlqw| kdv wkh iroorzlqj olqhdu irup1 Zlwk suredelolw| tf / wkh vljqdo lv
lqirupdwlyh dqg glvwulexwhg xqlirupo|   X ^f  %> f . %` iru dq duelwudu|
% A 3/ zlwk wkh frpsohphqwdu| suredelolw| 4  tf wkh vljqdo lv xqlqirupd0
wlyh1 Lq wklv fdvh/ wkhuh lv d  vxfk wkdw iru doo f  > zh kdyh tf  p
f
7
7


7
7
dqg tf  pf / zkloh iru doo f  >zh revhuyh tf  pf dqg tf  pf 1
Ixuwkhupruh/ wkh htxloleulxp lv xqltxh iru doo f 1
Zh frqfoxgh wklv vxevhfwlrq e| frqvlghulqj dq dowhuqdwlyh dvvxpswlrq
rq wkh pdunhw vwuxfwxuh1 Vxssrvh wkhuh duh wzr upv zlwk vdih surgxfwv lq
wkh pdunhw/ dqg rqh ri wkhp frphv xs zlwk d surgxfw lqqrydwlrq1 Li wkh
lqqrydwru lv wkh fxuuhqwo| vxshulru up/ d qdwxudo txhvwlrq wr dvn lv zkhwkhu
wkh lqqrydwru zrxog ghod| lqirupdwlrq uhyhodwlrq lq wkh pdunhw e| vhoolqj wkh
lpsuryhg surgxfw dv zhoo dv wkh vdih surgxfw1 Lw lv qrw kdug wr vhh wkdw wkh
orvvhv uhvxowlqj iurp vhoolqj wkh p|rslfdoo| lqihulru rog surgxfw rxwzhljk wkh
jdlqv iurp kdylqj ohvv xqfhuwdlqw| uhvroxwlrq1 Khqfh wkh lqqrydwru zrxog
vhoo rqo| wkh p|rslfdoo| ehwwhu qhz surgxfw lq shulrg 3/ dqg wkh dqdo|vlv
zrxog eh hvvhqwldoo| xqfkdqjhg19
9

Wkh rqo| txdolwdwlyho| qhz hhfw zrxog dulvh li wkh surgxfw lqqrydwlrq lv srwhqwldoo|
lqihulru wr wkh h{lvwlqj surgxfw1 Lq wklv fdvh/ wkh lqqrydwru zrxog kdyh dq rswlrq ydoxh
frpsrqhqw lq wkh qhz surgxfw wkdw lv qrw suhvhqw khuh1

4:

617

Lqfhqwlyhv wr Lqqrydwh

Vr idu zh kdyh hpskdvl}hg wkh lpsolfdwlrqv wkdw xqfhuwdlq surgxfw txdolw|
kdv rq htxloleulxp sulfhv dqg txdqwlwlhv1 Wkh uvw vhw ri uhvxowv vkrzhg wkdw
wkh hqwu| vwudwhj| ghshqgv rq wkh udqnlqj ri wkh qhz surgxfw lq whupv ri lwv
ydoxh uhodwlyh wr wkh frpshwlqj surgxfw1 Lq wklv vhfwlrq/ zh vkliw wkh irfxv
wr wkh lqfhqwlyhv ri wkh upv wr lqwurgxfh qhz surgxfwv lqwr wkh pdunhw1 Lq
sduwlfxodu/ zh dvn zkhwkhu upv glhu lq wkhlu lqqrydwlrq fkrlfhv ghshqglqj
rq wkhlu fxuuhqw srvlwlrq lq wkh pdunhw1 Pruh suhflvho|/ frqvlghu wkh qhz
dqg wkh hvwdeolvkhg up zlwk lqlwldoo| duelwudu| srvlwlrqv lq wkh txdolw|
vshfwuxp1 Wkh qhz up zlvkhv wr lqwurgxfh d qhz surgxfw dqg kdv wr
pdnh d ghflvlrq derxw wkh vl}h dqg wkh ulvnlqhvv ri wkh qhz surgxfw1 Zkloh
zh frqvlghu h{foxvlyho| wkh lqqrydwlrq fkrlfh e| wkh qhz up dqg pdlqwdlq
wkh fxuuhqw srvlwlrq ri wkh hvwdeolvkhg up/ lw lv lpphgldwh wkdw wkh qhz
surgxfw frxog dovr eh wkrxjkw ri dv ehlqj jhqhudwhg e| dq hvwdeolvkhg up
zkr lv vlpso| dw wkh hqg ri lwv fxuuhqw surgxfw f|foh1
Wkh uvw uhvxow frqfhuqv wkh rswlpdo ulvnlqhvv ri wkh lqqrydwlrq zkhq
wkh h{shfwhg lqqrydwlrq vl}h lv {hg wr eh  1 Li wkh frvw ri dq lqqrydwlrq
zhuh rqo| d ixqfwlrq ri lwv h{shfwhg uhwxuq/ wklv zrxog uhsuhvhqw wkh fdvh ri
d {hg U)G exgjhw1 Iru vlpsolflw| zh hydoxdwh wkh sd|r uhvxowlqj iurp
wkh xqfhuwdlq lqqrydwlrq gluhfwo| dw wkh srvw0hqwu| sd|r1 Dv ehiruh zh fdoo
wkh qhz up wkh ohdghu li f @ f  v A 3 dqg iroorzhu li f ? 31 Wkh
iroorzlqj uhvxow srlqwv wr d glhuhqfh lq wkh rswlpdo fkrlfhv ri wkh ohdghu
dqg wkh iroorzhu1 Ghqrwh e| w +, wkh Gludf glvwulexwlrq zlwk J +, @ 3 iru
doo  ?  dqg J +, @ 4 iru doo    1


Sursrvlwlrq 7 +Rswlpdo Lqqrydwlrq,
Iru d jlyhq h{shfwhg lpsuryhphqw  /
41 wkh rswlpdo vwudwhj| ri d ohdghu lv  w +,>
51 wkh rswlpdo vwudwhj| ri d iroorzhu lv=
  
  f
 w +, . 
w +, /

  f
  f f


iru d xqltxh   zlwk v ?   ? 4 li  ?  / rwkhuzlvh lw lv w +,1
4;

S urri1 Vhh Dsshqgl{1
Wkh glhuhqw dwwlwxghv ri wkh iroorzhu dqg wkh ohdghu wrzdugv xqfhuwdlq
lqqrydwlrqv iroorz iurp wkh fxuydwxuh surshuwlhv ri wkh srvw0hqwu| sd|rv
ghulyhg lq Sursrvlwlrq 51 D ohdghu dozd|v fkrrvhv d fhuwdlq lpsuryhphqw1
Lq frqwudvw/ d iroorzhu vhohfwv dq xqfhuwdlq surmhfw xqohvv wkh lpsuryhphqw
lv vx!flhqwo| odujh/ ru   A  A v/ lq zklfk fdvh kh ryhuwdnhv wkh ohdghu
zlwk fhuwdlqw| dqg zlwk d vl}deoh txdolw| glhuhqfh1 Wkh ydoxh   lv ghwhu0
plqhg e| d wdqjhqwldo olqh wr wkh htxloleulxp surw ixqfwlrq ri wkh iroorzhu


lq wkh txdolw|0surw vsdfh= >   +, 1 Pruh suhflvho|/ lw lv wkh olqh vwduwlqj
 
dw + f >  +f ,, dqg ehlqj wdqjhqwldo wr vrph srlqw +  >     1 Wkh xqltxh0
qhvv ri   uhvxowv djdlq iurp Sursrvlwlrq 5/ zklfk vwdwhv wkdw wkh htxloleulxp
surw ixqfwlrq lv uvw frqyh{ dqg wxuqv frqfdyh dv wkh fxuuhqw iroorzhu ryhu0
wdnhv wkh fxuuhqw ohdghu1 Wkh rswlpdo doorfdwlrq srolf| iru wkh iroorzhu lv
wkhq wr lqfuhdvh wkh suredelolw| ri vxffhvv dw   xqwlo   lv uhdfkhg zlwk sure0
delolw| rqh/ diwhu zklfk klv pdujlqdo ehkdylru lv qdwxudoo| lghqwlfdo wr wkh
rqh ri d ohdghu1 Wkh fkdudfwhul}dwlrq uhvxowv uho| rq wkh idfw wkdw wkh up
fdq fkrrvh dq duelwudu| ulvn suroh1 Dv wkh dwwlwxgh wrzdugv wkh xqfhuwdlq
lqqrydwlrq ghshqgv h{foxvlyho| rq wkh glvwlqfw fxuydwxuh surshuwlhv ri wkh
iroorzhu dqg wkh ohdghu/ vlplodu uhvxowv zrxog rewdlq iru dq| uhvwulfwhg fodvv
ri glvwulexwlrq ixqfwlrqv1
Zlwk d {hg U)G exgjhw wkh ohdghu xqghuwdnhv d vpdoo exw fhuwdlq lp0
suryhphqw/ zkhuhdv d iroorzhu dwwhpswv wr ryhuwdnh wkh ohdghu exw dw wkh
frvw ri vxhulqj iurp idloxuh1 Wkhvh uhvxowv duh vxjjhvwlyh iru dq h{whqvlrq
ri wkh fxuuhqw prgho lqwr rqh zlwk dq lqqlwh wlph krul}rq1 Vlqfh wkh lq0
qrydwlrq ri wkh iroorzhu lv ulvn| lw vxjjhvwv wkdw rq dyhudjh wkh glvwdqfh
ehwzhhq iroorzhu dqg ohdghu lqfuhdvhv/ zklfk srlqwv wr vrph vwdelolw| lq wkh
ohdghuvkls1 Rq wkh rwkhu kdqg/ wkh vwudwhj| ri wkh iroorzhu lv ghvljqhg wr
ryhuwdnh wkh ohdghu dqg khqfh wkhuh zloo eh wxuqryhu lq wkh ohdghuvkls dv
zhoo1 Krzhyhu vxfk dq h{whqvlrq lv eh|rqg wkh vfrsh ri wkh fxuuhqw sdshu1:
:

Lqwhuhvwlqjo|/ wkh fxuuhqw olwhudwxuh rq g|qdplf lqqrydwlrq dqg frpshwlwlrq frqvlghuv
prvwo| {hg lqqrydwlrq fkrlfhv vxfk dv vwhs0e|0vwrs ru ohdsiurjjlqj lqqrydwlrqv/ exw qrw
wkh rswlpdo ulvn suroh ri dq lqqrydwlrq/ vhh h1j1 Jurvvpdq ) Khospdq +4<<4,/ Djklrq )
Krzlww +4<<5, dqgB1

4<

Wkh suhylrxv uhvxowv frqvlghuhg lqqrydwlrqv zlwk d {hg h{shfwhg vl}h1
Qh{w/ zh frqvlghu wkh rswlpdo vl}h ri wkh lqqrydwlrq zkhuh zh dvvxph wkdw
wkh frvw ri wkh lqqrydwlrq ghshqgv rqo| rq lwv h{shfwhg ydoxh1 D frqvhtxhqfh
ri Sursrvlwlrq 7 lv wkdw doo rswlpdo lqqrydwlrqv ehorqj wr d vlpsoh sdudphwulf
idplo| zklfk duh sdudphwul}hg e| wkh suredelolw| ri vxffhvv/ s> dqg wkh ydoxh
frqglwlrqdo rq vxffhvv/  = Wkh h{shfwhg lqqrydwlrq lv wkhq  @ s 1 Wkh
uhodwlyh vl}h ri wkh rswlpdo lqyhvwphqw ri ohdghu dqg iroorzhu ghshqg rq
wkh fxuydwxuh ri wkh pdujlqdo frvw ri lqqrydwlrqv1 Wklv ghshqghqfh lv ehvw
looxvwudwhg zlwk wkh iroorzlqj sdudphwul}dwlrq ri wkh frvw ixqfwlrq1 Iru hyhu|
/ dvvxph wkdw f +> , lv vwulfwo| lqfuhdvlqj dqg frqyh{ lq wkh vl}h ri wkh
h{shfwhg lpsuryhphqw     f 1 Dvvxph dovr wkdw Cf +> , @C +,
lv lqfuhdvlqj lq 1 Vxssrvh ixuwkhu Cf +3> , @C +, @ 3 iru doo 1 Ghqrwh
8
wkh h{shfwhg vl}h ri wkh lqqrydwlrq e|  u
 dqg   iru ohdghu dqg iroorzhu
uhvshfwlyho|1 Wkh ydoxh ri wkh frpshwlqj surgxfw lv {hg dw v1
Sursrvlwlrq 8 +Vl}h, Wkhuh lv d a zlwk 3 ? a ? 4/ vxfk wkdw
41 iru doo  ? a / 8 A u
>
51 iru doo   a / 8  u
1
S urri1 Vhh Dsshqgl{1
Wkh pdujlqdo jdlqv iurp lqfuhdvlqj wkh txdolw| duh pd{lpdo dw d v|p0
phwulf srvlwlrq zlwk wkh frpshwlqj surgxfw=  f @ v1 Li wkh pdujlqdo frvwv
ulvh txlfno| lq wkh vl}h ri wkh lpsuryhphqw/ wkh ohdghu zloo dozd|v kdyh kljkhu
pdujlqdo uhwxuqv1 Exw gxh wr wkh frqfdylw|/ wkh pdujlqdo uhwxuqv duh vwulfwo|
ghfuhdvlqj iru d ohdghu exw frqvwdqw iru d iroorzhu dv orqj dv lqfuhdvhv lq wkh
h{shfwhg vl}h ri wkh lqqrydwlrq uhvxowv rqo| lq sxwwlqj pruh suredelolw| rq
wkh rxwfrph  1 Wklv h{sodlqv zk| qhlwkhu wkh ohdghu qru wkh iroorzhu kdyh
xqlirupo| vwurqjhu lqfhqwlyhv wr surgxfh lqqrydwlrqv1
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Sulfh Frpshwlwlrq

Wkh uhvxowv rq wkh hqwu| dqg lqqrydwlrq ehkdylru suhvhqwhg lq wkh suhylrxv
vhfwlrqv zhuh ghulyhg lq d prgho ri txdqwlw| frpshwlwlrq1 Lq wklv vhfwlrq/
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zh vkrz wkdw wkh txdolwdwlyh ihdwxuhv ri wkh uhvxowv duh ydolg lq d prgho
ri sulfh frpshwlwlrq dv zhoo1 Wr wklv hqg lw zloo eh vx!flhqw wr h{dplqh
wkh srvw0hqwu| ehkdylru dqg wkhq olqn hqwu| ehkdylru wr lwv lpsdfw rq srvw0
hqwu| sd|rv1 Lw lv djdlq frqyhqlhqw wr glvwlqjxlvk ehwzhhq wkh vwudwhj| ri
iroorzhu dqg ohdghu dqg zh vwduw zlwk wkh ohdghu/ ru  A 31 Wkh lqglhuhqfh
frqglwlrqv ri wkh pdujlqdo ex|huv uhpdlqv dv ehiruh=



  v  s7
4  t +v .  ,  s
 @ 4  t

dqg



4  t  t7 v  s7 @ 31

Wkh sulflqj jdph e| wkh vhoohuv kdv d xqltxh htxloleulxp dqg dv wkh ghulyd0
wlrq lv vwdqgdug/ zh vlpso| vwdwh wkh htxloleulxp sulfhv
s
 + , @ 5
dqg

s7 + , @

v . 
>
6v . 7

v
=
6v . 7

Wkh htxloleulxp ydoxh ixqfwlrqv duh jlyhq e|

dqg


 + , @ 7

+v .  ,2
>
+6v . 7 ,2

 7 + , @ v

v . 
=
+6v . 7 ,2

Lw fdq eh yhulhg wkdw erwk  7 + , dqg  
 + , duh lqfuhdvlqj dqg frq0
fdyh lq  1 Lw wkhq iroorzv lpphgldwho| wkdw erwk upv zrxog suhihu ohvv
lqirupdwlrq derxw wkh qhz surgxfw wr eh jhqhudwhg lq shulrg 31 Wkh lp0
phgldwh lpsolfdwlrqv iru shulrg 3 htxloleulxp sulfhv dqg txdqwlwlhv duh wkdw
wkh qhz up zloo rhu kljkhu sulfhv uhodwlyh wr wkh p|rslf sulfh wr uhgxfh
wkh txdqwlw| vrog dqg wkhuhe| uhgxfh wkh lqirupdwlrq rz1 Qrwlfh wkdw wkh
hvwdeolvkhg vhoohu fdq dovr dhfw wkh shulrg 3 vdohv wkurxjk klv sulfhv1 Dv klv
shulrg 4 ydoxh ixqfwlrq lv frqfdyh/ kh kdv dq lqfhqwlyh wr rhu sulfhv ehorz
wkh p|rslfdoo| rswlpdo rqh jlyhq wkh sulfh ri wkh qhz up1 Wkh vkliwv lq
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wkh uhdfwlrq fxuyhv ri wkh wzr upv duh ghslfwhg lq Iljxuh 51 Qrwlfh wkdw
wkh hhfw rq shulrg 3 txdqwlwlhv uhodwlyh wr wkh p|rslf txdqwlwlhv lv xqdp0
eljxrxv zkhuhdv wkh lpsdfw rq shulrg 3 sulfhv ghshqgv rq wkh pdjqlwxghv
e| zklfk wkh uhdfwlrq fxuyhv vkliw1
^Lqvhuw Iljxuh 5 khuh`
Vlqfh wkh sulfh ri wkh qhz up lv frqfdyh lq  / lw iroorzv e| wkh pdu0
wlqjdoh surshuw| ri wkh eholhiv wkdw wkh h{shfwhg htxloleulxp sulfh lq shulrg
4 lv orzhu wkdq wkh htxloleulxp sulfh lq shulrg 31
Wkh fdvh ri wkh iroorzhu fdq eh dqdo|}hg lq d vlplodu idvklrq zlwk rqh
lpsruwdqw h{fhswlrq1 Gxh wr wkh sulfh frpshwlwlrq/ wkh iroorzhu*v lqfhqwlyh
wr lqfuhdvh klv txdolw| dw wkh pdujlq duh qrw prqrwrqh1 Dv wkh ydoxh  
dssurdfkhv v iurp ehorz/ wkh frpshwlwlrq ehwzhhq wkh wzr upv ehfrphv
pruh vhyhuh dqg |lhogv }hur surw lq wkh olplw dv  @ v/ ru  @ 31 Wkh
fruuhvsrqglqj surw ixqfwlrqv duh iru  ? 3=

 + , @ 
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Lq idfw/ wkh surw ixqfwlrq ri wkh qhz up lv qrz frqfdyh +h{fhsw iru yhu|
vpdoo ydoxhv ri  ,1 Krzhyhu vlqfh lw lv uvw ghfuhdvlqj dqg wkhq lqfuhdvlqj
dv  sdvvhv wkurxjk }hur/ wkh lqwhuwhpsrudo lpsolfdwlrqv iru wkh rswlpdo
lqqrydwlrq dqg hqwu| vwudwhj| uhpdlq dv ehiruh1 Wkh iroorzhu lqwurgxfhv
dq lqqrydwlrq rqo| li lw uhvxowv lq d srvlwlyh suredelolw| ri ryhuwdnlqj wkh
fxuuhqw ohdghu e| d zlgh hqrxjk pdujlq vlqfh lw lv rwkhuzlvh suhihudeoh wr
vwd| dw d glvwdqfh iurp wkh ohdghu lq wkh txdolw| vsdfh1 Wkh nlqn lq wkh
surw ixqfwlrq dw  @ 3/ wkhq lpsolhv wkdw fxuuhqw iroorzhu dqg ohdghu
erwk suhihu d uhvroxwlrq ri xqfhuwdlqw| zklfk ohdgv wr dq lqfuhdvhg glvwdqfh
ehwzhhq wkhp1 Wkh uhvxowlqj shulrg 3 htxloleulxp txdqwlwlhv duh wkhq eldvhg
wr vxssruw pruh vdohv ri wkh qhz up wr jhqhudwh lqirupdwlrq zklfk lq
wxuq ohdgv wr wkh vdph lqwhuwhpsrudo sdwwhuq ri vdohv dv lq wkh txdqwlw|
frpshwlwlrq prgho1
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7

Sulydwh Ydoxhv

Wklv vhfwlrq frqvlghuv pdunhw hqwu| zkhq wkh h{shulhqfh ri hdfk frqvxphu lv
sxuho| lglrv|qfudwlf1 Wkh ex|huv kdyh lghqwlfdo h{0dqwh +h{shfwhg, wdvwh iru
wkh surgxfw exw glhu lq wkhlu h{0srvw wdvwh gxh wr glhuhqw h{shulhqfhv zlwk
wkh qhz surgxfw1 Iru vlpsolflw|/ zh dvvxph wkdw wkh djjuhjdwh glvwulexwlrq
ri wdvwhv lv frpprq nqrzohgjh dw wkh rxwvhw/ exw lqglylgxdo ex|huv gr qrw
nqrz li wkh surgxfw vxlwv wkhlu lglrv|qfudwlf qhhgv1 Dv h{dpsohv ri wklv/ rqh
pd| wklqn ri qhz skdupdfhxwlfdov wkdw kdyh ehhq whvwhg sulru wr dssurydo
e| wkh IGD/ dqg wkhlu shuirupdqfh lq wkh srsxodwlrq lv dffxudwho| nqrzq1
Krz zhoo wkh qhz guxj vxlwv d sduwlfxodu sdwlhqw lv/ krzhyhu/ xqfhuwdlq dw
wkh rxwvhw1 Dv wkh lqglylgxdo h{shulhqfh fduulhv qr lqirupdwlrq iru wkh rwkhu
ex|huv lq wkh pdunhw/ zh uhihu wr wklv vlwxdwlrq dv wkh sulydwh ydoxh prgho1
Wkh lglrv|qfudwlf dvshfw ri wkh h{shulhqfh ohdgv wr vhjphqwdwlrq lq wkh srvw
hqwu| pdunhw1 Wkh vhjphqwdwlrq rffxuv lqghshqghqwo| ri wkh pdunhw vwuxf0
wxuh1 Wkh sureohp ri wkh prqrsrolvw lv frqvlghuhg uvw lq Vxevhfwlrq 7141
Wkh vwudwhjlf dvshfwv dulvlqj zlwk wkh gxrsro| duh dqdo|}hg lq Vxevhfwlrq
7151

714

Prqrsro|

Frqvlghu d prqrsrolvw zkr lqwurgxfhv d qhz surgxfw lq wkh pdunhw1 Wkh
wuxh ydoxh ri wkh qhz surgxfw iru ex|hu l lv glvwulexwhg xqlirupo| rq wkh
xqlw lqwhuydo=
  X ^3> 4` /



zkhuh 
 lv lqghshqghqw ri y  dqg ri  iru doo l 9@ m=; Iru vlpsolflw| zh
dvvxph wkdw hdfk ex|hu ohduqv klv wuxh suhihuhqfh iru wkh qhz surgxfw xsrq
wu|lqj lw rqfh dqg wkhq ydoxhv lw dw  y  1 Wkh h{shfwhg ydoxh ri wkh surgxfw
lv=
k l
4
H  y  @ y  =
5
;

Dv d urexvwqhvv fkhfn/ zh dovr dqdo|}hg wkh prgho zlwk dq duelwudu| wzr0srlqw glv0
wulexwlrq iru wkh srvvleoh sulydwh ydoxhv1 Wkh uhvxowv uhpdlq txdolwdwlyho| wkh vdph/ dv lq
wkh xqlirup fdvh1 Wkh ghwdlov ri wkh frpsxwdwlrqv duh dydlodeoh iurp wkh dxwkruv xsrq
uhtxhvw1
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Wr lqwhusuhw wkh lglrv|qfudwlf yduldqfh lq wdvwhv/ zh fdq wklqn ri wkh qhz
surgxfw dv frqwdlqlqj qhz ihdwxuhv wkdw dgg xwlolw| wr wkh ex|huv lq glhuhqw
ghjuhhv1 Wkhuh lv dovr d frpshwlwlyho| vxssolhg vxevwlwxwh surgxfw wkdw kdv
d ydoxh vy wr wkh ex|hu y 1<
Lqlwldoo|/ doo frqvxphuv duh xqfhuwdlq derxw wkh xwlolw| wkh| zrxog ghulyh
iurp wkh qhz surgxfw1 Diwhu shulrg 3/ wkh pdunhw lv vhjphqwhg ehwzhhq
lqiruphg dqg xqlqiruphg frqvxphuv1 Wkh vl}h ri hdfk vhjphqw ghshqgv rq
wkh yroxph ri vdohv/ tf / lq shulrg 31 Wkh vhw ri lqiruphg frqvxphuv glvsod|
khwhurjhqhlw| dorqj wzr glphqvlrqv= +l, wkh zloolqjqhvv wr sd|/ y / dqg +ll,
wkh sulydwh ydoxh iru wkh qhz surgxfw/  1
Zh ehjlq e| dqdo|}lqj wkh vdohv ghflvlrq lq wkh srvw0hqwu| skdvh1 Wkh
hvvhqwldo txhvwlrq wr eh dgguhvvhg e| wkh prqrsrolvw lv zkhwkhu ru qrw kh
h{whqgv klv pdunhw lq shulrg 4 wr qhz dqg xqlqiruphg fxvwrphuv1 Ghqrwh e|
l| dqg x| wkh pdvv ri lqiruphg dqg xqlqiruphg ex|huv/ uhvshfwlyho|/ zklfk
ex| iurp up m lq shulrg w1 Frqvlghu uvw wkh vlwxdwlrq zkhuh tf zdv
fkrvhq vx!flhqwo| odujh/ vr wkdw lw lv rswlpdo wr vhoo rqo| wr lqiruphg ex|huv
ru x
 @ 31 Wkh pdujlqdo ex|hu lq wkh vhfrqg shulrg lv wkhq lqglhuhqw
ehwzhhq ex|lqj iurp wkh prqrsrolvw dqg iurp wkh frpshwlwlyh iulqjh=


y     s
 @ y v1
Hdfk lqiruphg frqvxphu lv lghqwlhg e| wzr fkdudfwhulvwlfv y dqg  / dqg
wkh pdujlqdo ex|hu lv ghvfulehg e| d k|shuerod lq wkh +y> , vsdfh=


y    v @ s

dv ghvfulehg lq Iljxuh 61
^Lqvhuw Iljxuh 6 khuh`
Doo ex|huv deryh wkh k|shuerod vwulfwo| suhihu wr dftxluh wkh qhz surgxfw
dw sulfh s 1 Wr wkh ohiw ri wkh yhuwlfdo olqh lqwhuvhfwlqj dw 4  tf / wkh ex|huv
<

Wkh v|pphwu| lq wkh ydoxdwlrqv ri wkh fxuuhqw surgxfw lv dq dvvxpswlrq pdgh phuho|
iru dqdo|wlfdo frqyhqlhqfh1 Lw suhyhqwv wkh vhjphqwdwlrq wr h{lvw douhdg| lq wkh hqwu| skdvh1
Doo vxevhtxhqw uhvxowv frqwlqxh wr krog txdolwdwlyho| zlwk h{0dqwh vhjphqwhg pdunhwv1
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duh krprjhqrxv
dorqj wkh glphqvlrq  dqg vlpso| pdlqwdlq wkh h{shfwhg
k l
h
ydoxh H  1 Iru d jlyhq sulfh s / dq lqfuhdvh lq wkh ydoxh ri wkh dowhuqdwlyh
v oliwv wkh k|shuerod xszdugv/ wkrxjk idvwhu iru vpdoo ydoxhv ri y dqg vorzhu
iru kljk ydoxhv ri y1 Wkh k|shuerod lqwhuvhfwv zlwk wkh yhuwlfdo olqh deryh

/ lqglfdwlqj wkdw wkh qhz surgxfw lv wrr h{shqvlyh wr dwwudfw qhz ex|huv1
2
Wr ghvfuleh wkh lpsolfdwlrqv ri wkh srvw0hqwu| ehkdylru iru wkh lqlwldo
shulrg/ frqvlghu wkh pdujlqdo ex|hu dw y @ 4  tf 1 E| ex|lqj lq shulrg 3/
vkh h{shfwv wr sxufkdvh wkh qhz surgxfw djdlq li khu h{shulhqfh lv vx!flhqwo|
srvlwlyh1 Wkh rswlrq ydoxh ri ex|lqj wrgd| lv wkhuhiruh jlyhq e|
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Wkh orzhu erxqg lq wkh lqwhjudo lghqwlhv wkh orzhvw h{shulhqfh  lq shulrg
3 vxfk wkdw wkh pdujlqdo ex|hu y @ 4  tf lq shulrg 3 lv wkh pdujlqdo ex|hu
lq shulrg 4/ ru



  v1
4  tf   s
 @ 4  tf
Zkloh wkh rswlrq ydoxh lv uhdol}hg lq shulrg 4/ wkh prqrsrolvw lv deoh wr
h{wudfw wkh hqwluh ydoxh iurp wkh pdujlqdo ex|hu lq shulrg 3 wkurxjk kljkhu
sulfhv1 Wkh lqglhuhqfh frqglwlrq iru wkh pdujlqdo ex|hu lv jlyhq e|

 k l
 
4  tf H  . z tf @ s
f
Wkh dvvxpswlrq ri sulydwh ydoxhv fkdqjhv wkh ehkdylru ri wkh pdujlqdo ex|hu
zlwk uhvshfw wr khu ghflvlrq wr vhohfw wkh qhz surgxfw1 Zlwk frpprq ydoxhv/
wkh ex|hu lv lqirupdwlrqdoo| vpdoo dv khu ghflvlrq grhvq*w lq xhqfh khu ri
iru wkdw pdwwhu dq|erg|*v srvwhulru eholhi1 Lq frqwudvw/ zlwk sulydwh ydoxhv/
hdfk ex|hu lv lqirupdwlrqdoo| odujh zlwk uhvshfw wr khu rzq srvwhulru eholhiv/
dv rqo| khu rzq sulydwh h{shulhqfh fdq ohdg wr d fkdqjh lq khu srvwhulru
eholhi1 Wklv ohdgv wr wkh dsshdudqfh ri rswlrq ydoxh dujxphqwv lq wkh fdo0
fxoxv ri wkh ex|hu dv zhoo1 Qrwlfh wkdw iru d jlyhq s
 / d ghfuhdvh lq wkh

txdqwlw| tf lqfuhdvhv wkh rswlrq ydoxh dv d kljkhu y ohdgv wr d odujhu vhw
ri h{shulhqfhv iru zklfk wkh ex|hu zloo uhwxuq wr wkh qhz surgxfw1 Zkloh
wkh lqfuhdvh lq wkh rswlrq ydoxh zrxog jlyh wkh prqrsrolvw dq lqfhqwlyh wr
ghfuhdvh wkh vxsso| lq wkh lqlwldo shulrg/ d frxqwhuydlolqj lqfhqwlyh lv klv
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lqwhuhvw wr hvwdeolvk d vx!flhqwo| odujh iudqfklvh lq wkh srvw0hqwu| skdvh1 Dv
doo ex|huv zlwk w|shv +y> , ehorz wkh k|shuerod gurs rxw lq shulrg 4/ kh
vhhnv wr h{whqg tf vx!flhqwo| wr jhqhudwh d odujh edvh ri jrrgzloo folhqwv
iru wkh ixwxuh1 Pruh suhflvho|/ frqglwlrqdo rq qrw vhoolqj wr qhz ex|huv lq
shulrg 4/ klv frqwlqxdwlrq ydoxh lv lqfuhdvlqj lq fxuuhqw vdohv tf 1 Dv wkh
jrrgzloo fxvwrphuv duh doo dftxluhg lq wkh lqlwldo shulrg/ zh uhihu wr wklv
vfhqdulr dv wkh idvw hqwu| vwudwhj|1
Zh frqwudvw wklv zlwk d vorz hqwu| vwudwhj| lq zklfk qhz fxvwrphuv duh
dftxluhg lq erwk shulrgv1 Wkh lqwhuwhpsrudo lqfhqwlyhv wr ghyldwh iurp wkh
p|rslf rswlpxp duh srlqwlqj lq wkh uhyhuvh gluhfwlrq lq wklv fdvh1 Frqgl0
wlrqdo rq vhoolqj wr qhz fxvwrphuv lq shulrg 4/ lw lv qrz rswlpdo +iru shulrg
4 uhyhqxhv, wr ohdyh dv pdq| fxvwrphuv dv srvvleoh zlwkrxw sulru h{shul0
hqfh dv wkh lglrv|qfudwlf uhdol}dwlrqv zloo qhfhvvdulo| ohdyh vrph frqvxphuv
glvdssrlqwhg dqg khqfh lqgxfh wkhp wr gurs rxw dv srwhqwldo folhqwv1
^Lqvhuw Iljxuh 7 khuh`
Wklv zloo wkhuhiruh lqgxfh wkh vhoohu wr uhvwulfw klv txdqwlw| uhodwlyh wr
wkh p|rslfdoo| rswlpdo vwudwhj| lq shulrg 31 Qrwlfh wkdw wkhuh lv djdlq dq
rswlrq ydoxh dvvrfldwhg zlwk sxufkdvhv lq shulrg 3/ exw wkh rswlrq ydoxh
lv qrz ghulyhg iurp wkh qhjdwlyh rxwfrphv lq wkh h{shulphqw1 Vlqfh wkh
pdujlqdo ex|hu wrgd| zrxog fhuwdlqo| ex| wrpruurz li vkh grhvq*w wrgd|/
e| pdnlqj wkh sxufkdvh wrgd| vkh dyrlgv ixwxuh sxufkdvhv zkhq wkh surgxfw
grhvq*w vxlw khu qhhgv=
] rn R
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Djdlq/ wkh rswlrq ydoxh dqg ixwxuh vdohv suhvhqw frxqwhuydlolqj lqfhqwlyhv
dv wkh| duh wkh lqwhuwhpsrudo htxlydohqw wr pdujlqdo yv1 lqiudpdujlqdo uhy0
hqxhv1
Wkh dujxphqwv mxvw suhvhqwhg lqglfdwh wkdw vorz dqg idvw hqwu| vwudwhj|
lqwurgxfh glvwlqfw eldvhv iru wkh vxsso| lq wkh lqlwldo shulrg1 Vorz hqwu|
wdloruv wkh vxusoxv h{wudfwlrq ri wkh kljk ydoxdwlrq ex|huv wr rffxu lq wkh
hqwu| skdvh1 Idvw hqwu| uhyhuvhv wkh wlplqj ri wkh vxusoxv h{wudfwlrq exw
59

dovr wkh frpsrvlwlrq ri wkh pdunhw1 Wkh duulydo ri lqirupdwlrq lq wkh hqwu|
skdvh ohdgv wr d qduurzhu pdunhw lq zklfk kljk mrlqw uhdol}dwlrqv ri  dqg y
grplqdwh1 Edvhg rq wkhvh frqvlghudwlrqv rq wkh wlplqj dqg wkh frpsrvlwlrq
ri vdohv/ zh fdq ghgxfh wkh rswlpdo irup ri hqwu|1 Ghqrwh e| x
 wkh pdvv
ri qhz dqg khqfh xqlqiruphg ex|huv lq shulrg 41
Sursrvlwlrq 9 +Rswlpdo Hqwu| Vwudwhj|, Wkhuh lv dq ve A 3 vxfk wkdw=
e> x
41 iru v ? ve> x
 A 3 dqg iru v A v
 @ 3>
51 iru v ? ve> tf ? 2 / dqg iru v A ve> tf A 2 =
S urri1 Vhh Dsshqgl{1
Wkh sursrvlwlrq vxjjhvw wkdw iru d qhz dqg odujho| vxshulru surgxfw
+vpdoo v,/ wkh rswlpdo hqwu| vwudwhj| lv wr fuhdp0vnlp wkh ex|huv zlwk kljk
zloolqjqhvv0wr0sd| dqg wkhq h{whqg wkh pdunhw lq wkh vxevhtxhqw shulrg wr
qhz ex|huv zlwk orzhu ydoxdwlrqv1 Li wkh pdujlq ehwzhhq wkh qhz surgxfw
dqg wkh hvwdeolvkhg surgxfw lv vpdoo +odujh v,/ wkhq lw lv rswlpdo wr txlfno|
exlog xs wkh jrrgzloo pdunhw dqg irfxv h{foxvlyho| rq ex|huv zlwk d srv0
lwlyh h{shulhqfh1 Wkh vzlwfk lq wkh vwudwhj| lv dffrpsdqlhg e| d glvfuhwh
xszdugv mxps lq wkh lqlwldo txdqwlw|/ whvwlprq| ri wkh fkdqjh lq wkh uhjlph1
Wkh mxps rffxuv iurp d ydoxh ehorz wr rqh deryh wkh p|rslf txdqwlw|/ zklfk
lv jlyhq e| 2 dqg lv lqghshqghqw ri v1 Lq frqwudvw/ wkh txdqwlw| rhuhg lq
wkh idvw hqwu| uhjlph lv lqfuhdvlqj lq v Wklv prqrwrqlflw| lv hqwluho| gxh wr
wkh fuhdwlrq ri khwhurjhqhlw| e| wkh lglrv|qfudwlf h{shulhqfhv1 Lq d frp0
sohwho| lqiruphg pdunhw wkh vhjphqw ri djhqwv zlwk d srvlwlyh h{shulhqfh
exw rqo| prghudwh zloolqjqhvv0wr0sd| zkr ex| wkh qhz surgxfw lq htxlole0
ulxp glvdsshdu txlfno| dv v lqfuhdvhv1 Wklv ohdgv wkh prqrsrolvw wr lqfuhdvh
klv txdqwlw| lq wkh lqlwldo shulrg vr dv wr fuhdwh d vx!flhqwo| odujh iudqfklvh
iru klv surgxfw wrpruurz1 Qrwlfh wkdw wkh pdujlqdo frvw ri ghyldwlqj iurp
wkh p|rslf rswlpxp lv dovr ghfuhdvlqj lq v dv wkh sulfh wkh prqrsrolvw fdq
fkdujh wrgd| lv ghfuhdvlqj lq v1 Wkh vkdsh ri wkh lqwhuwhpsrudo sulfh sdwk
lv ghwhuplqhg e| wkh hqwu| udwh1

5:

Fruroodu| 4 Wkh hqwu| udwh ghwhuplqhv wkh lqwhuwhpsrudo sulfh sdwk=
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Wkh ydoxh ri wkh rxwvlgh rswlrq v fdq dowhuqdwlyho| eh lqwhusuhwhg dv
wkh pdujlqdo frvw ri surgxfwlrq1 Lq wklv fdvh/ wkh uhvxowv vwdwh wkdw orzhu
pdujlq surgxfwv duh lqwurgxfhg udslgo| lqwr wkh pdunhw zkhuhdv kljk pdujlq
surgxfwv duh lqwurgxfhg vorzo| dqg zlwk vxevwdqwldo fuhdp0vnlpplqj1
Zh frqfoxgh wklv vhfwlrq e| eulh | frqvlghulqj wkh lqfhqwlyhv wr lqqr0
ydwh dqg wkh fkrlfh lq wkh ulvnlqhvv ri wkh lqqrydwlrq1 Frqvlghu djdlq d
phdq0suhvhuylqj vsuhdg ri wkh lqlwldo glvwulexwlrq ri h{shulhqfhv1 Wkh phdq0
suhvhuylqj vsuhdg kdv qr lq xhqfh rq wkh h{shfwhg ydoxdwlrqv lq wkh lqlwldo
shulrg1 Frqvlghu wkhuhiruh lwv hhfw rq wkh lqwhuwhpsrudo ydoxhv dqg srol0
flhv1 Kljkhu glvshuvlrq lqfuhdvhv wkh rswlrq ydoxh ri wkh lqlwldo sxufkdvh/
lqghshqghqwo| ri zkhwkhu wkh rswlrq ydoxh vwhpv iurp wkh xsvlgh ru grzq0
vlgh ri wkh h{shulphqw1 Wkh hvvhqwldo lpsdfw lv rq wkh vdohv lq shulrg 41
Wkh vdohv sdwwhuq dvvrfldwhg zlwk d vorz hqwu| vwudwhj| lpsolhv wkdw wkh pr0
qrsrolvw vhoov pruh djjuhvvlyho| wr lqiruphg fxvwrphuv lq shulrg 41 Lq rwkhu
zrugv/ kh zloo vhoo wr ex|huv zlwk h{shulhqfhv ehorz wkh dyhudjh lq shulrg
41 Wklv frqwudvwv zlwk d idvw hqwu| vwudwhj| zkhuh wkh prqrsrolvw vhoov rqo|
wr kljk h{shulhqfh fxvwrphuv1 Wkh frpsdulvrq lv looxvwudwhg lq Ilj16 dqg
Ilj1 71 D phdq0suhvhuylqj vsuhdg wkhq lpsolhv wkdw wkh vorz hqwu| vwudwhj|
whqgv wr orrvh pruh fxvwrphuv gxh wr wkh vsuhdg grzqzdugv/ zkhuhdv d idvw
hqwu| vwudwhj| qhyhu vrog dq| vxevwdqwldo txdqwlw| wr ex|huv zlwk dyhudjh
h{shulhqfhv1 Lq idfw/ lq edodqfh wkh vsuhdg whqgv wr lqfuhdvh wkh qxpehu
ri fxvwrphuv dv lw dggv qhz ex|huv zlwk yhu| srvlwlyh h{shulhqfhv1 Wklv
ohdgv wr wkh frqfoxvlrq wkdw zkhq wkh qhz surgxfw lv rqo| pdujlqdoo| ehwwhu
wkdq wkh fxuuhqw surgxfw/ wkh prqrsrolvw suhihuv dq lqqrydwlrq zlwk pruh
yduldqfh lq wkh lqglylgxdo h{shulhqfhv1 Iru d fohduo| vxshulru surgxfw/ wkh
frqfoxvlrq lv wkh rssrvlwh1 Wkh rswlpdo lqqrydwlrq kdv d vpdoo yduldqfh wr
plqlpl}h wkh khwhurjhqhlw| lq wkh h{shulhqfh1

5;

715

Gxrsro|

Wkh gxrsro| sureohp vkduhv pdq| vlplodulwlhv zlwk wkh sureohp ri wkh pr0
qrsrolvw/ dqg khuh zh irfxv prvwo| rq wkh glhuhqfhv1 Wkh vhwwlqj lv lghqwlfdo
wr wkh suhylrxv rqh h{fhsw iru wkh idfw wkdw wkh frpshwlqj surgxfw ri ydoxh
vy iru ex|hu l lv qrz vxssolhg e| d vlqjoh up1 Wkh fhqwudo txhvwlrq lv
zkhwkhu wkh hqwudqw dwwhpswv wr dftxluh doo jrrgzloo ex|huv lq shulrg 3/ ru
zkhwkhu kh surfhhgv vorzo| lq wkh lqwurgxfwlrq ri wkh qhz surgxfw1 Wkh
uhvxowv duh irupdoo| suhvhqwhg iru wkh fdvh wkdw wkh
k  lqhz surgxfw lv lq h{shf0
wdwlrqv vxshulru wr wkh vdih surgxfw/ ru v ? H  1 Zh eulh | glvfxvv wkh
lqwurgxfwlrq ri dq +h{shfwdwlrqdoo|, lqihulru surgxfw wrzdugv wkh hqg ri wklv
vhfwlrq1
Wkh hvvhqwldo prglfdwlrqv wr wkh hduolhu dujxphqwv duh gxh wr vwudwhjlf
frqvlghudwlrqv1 Lq wkh hqwu| skdvh/ wkh ex|huv duh rqo| glhuhqwldwhg dorqj
wkhlu zloolqjqhvv wr sd|1 Wkh srvw0hqwu| skdvh rq wkh rwkhu kdqg lqwurgxfhv d
vhfrqg glphqvlrq wkurxjk wkh lglrv|qfudwlf h{shulhqfh1 Wkh rxwfrphv ri wkh
lqglylgxdo h{shulhqfhv vxjjhvw d qdwxudo vruwlqj lq wkh pdunhw dfurvv glhu0
hqw ydoxhv ri y1 Dv lqglylgxdov zlwk d srvlwlyh h{shulhqfh frqwlqxh wr dgrsw
wkh qhz surgxfw/ exw lqglylgxdov zlwk d qhjdwlyh h{shulhqfh uhmhfw lw/ wklv
vruwlqj uhgxfhv wkh frpshwlwlrq lq wkh srvw0hqwu| skdvh1 Wkh lglrv|qfudwlf
h{shulhqfh hqgrjhqrxvo| jhqhudwhv dq hohphqw ri krul}rqwdo glhuhqwldwlrq
dprqj doo ex|huv zlwk wkh vdph zloolqjqhvv0wr0sd| y1 Wkh vwuxfwxuh ri wkh
frpshwlwlrq lq wkh shulrg 4 lv shukdsv ehvw looxvwudwhg e| Iljxuh 81=
Lqvhuw Iljxuh 8 khuh
Iru d jlyhq vxsso| ri t dqg t7 / hdfk up pdnhv vdohv lq wkh lqiruphg
dqg xqlqiruphg vhjphqw1 Ghqrwh e| l dqg x wkh pdvv ri lqiruphg dqg
xqliruphg fxvwrphuv dvvrfldwhg zlwk up m/ zkhuh t @ l . x 1 Wkh htxl0
oleulxp sulfhv vdwlvi| wkh iroorzlqj lqglhuhqfh frqglwlrqv lq wkh vhjphqw ri
wkh xqlqiruphg ex|huv=

 k l


  v  s7
H   s
4  tf  x

 @ 4  tf  x

dqg


7
7
4  tf  x
  x v  s @ 31
5<

Wkh lqglhuhqfh frqglwlrq dprqj wkh lqiruphg fxvwrphuv lv jlyhq e|

 7
 y  s
 @ vy  s
zklfk irupv wkh k|shuerod1 Wkh txdqwlw| ri lqiruphg frqvxphuv zkr sxu0
fkdvh irup wkh vdih up lv wkhq jlyhq e| wkh duhd ehorz wkh k|shuerod=
]  
7
s
  s
7
gy>
v.
l @

y
3^f
dqg iru wkh hqwudqw e| wkh frpsohphqw=
]  
7
s
  s

gy=
v.
l @ tf 

y
3^f
Dv erwk upv dwwhpsw wr pdlqwdlq wkhlu lqiudpdujlqdo surwv rq wkh lq0
iruphg ex|huv/ wkh frpshwlwlrq iru wkh pdujlqdo ex|hu zlwk qr sulru h{shul0
hqfh ri wkh qhz jrrg zloo eh ohvv vhyhuh Wkh frvw ri dftxlulqj d qhz pdujlqdo
ex|hu lv wkhuhiruh vpdoohu lq wkh srvw hqwu| skdvh iru wkh qhz up1 Wklv
fkdqjh lq wkh dftxlvlwlrq frvw dfurvv shulrgv ohdgv wkh qhz up wr dgrsw d
vorz hqwu| vwudwhj| iru doo v1
k l
Sursrvlwlrq : Iru doo v ? H  / wkhuh h{lvwv d xqltxh VSH vxfk wkdw=



41 tf ? t / s
f A s dqg x A 3>
51 tf7 A t7 dqg s7f ? s7 =
S urri1 Vhh Dsshqgl{1
Wkh idfw wkdw wkh frpshwlwlrq ehfrphv vriwhu zlwk wkh lglrv|qfudwlf gli0
ihuhqwldwlrq lv dovr grfxphqwhg e| wkh idfw wkdw wkh dyhudjh zloolqjqhvv wr
sd| ri wkh ex|hu dvvrfldwhg zlwk wkh vdih up lv lqfuhdvlqj dqg wkxv pdnhv
up V ohvv djjuhvvlyh wrzdugv wkh pdujlqdo ex|hu1
Lw vkrxog qdoo| eh qrwhg wkdw wkh gxrsro| prgho doorzv iru d srvvlelolw|
wkdw zdv qrw suhvhqw lq wkh prqrsro| fdvh1 Zlwk d frpshwlwlyh vxsso| ri
vxevwlwxwh surgxfwv/ lw lv qhyhu rswlpdo wr hqwhu wkh pdunhw zlwk d surgxfw
zkrvh txdolw| lv qr kljkhu wkdq wkh vxevwlwxwh surgxfw txdolw| iru dq| ex|hu1
Lq wkh gxrsro| fdvh wklv lv d srvvlelolw|1 Vlqfh wkh surgxfhu ri wkh h{lvwlqj
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surgxfw qhyhu vxssolhv wkh hqwluh pdunhw/ wkhuh lv d uhvlgxdo ghpdqg rq
zklfk hyhq dq +h{shfwdwlrqdoo|, lqihulru surgxfw pd| hqwhu1
Wkh hphujhqfh ri wkh krul}rqwdo glhuhqwldwlrq lq wkh srvw0hqwu| skdvh
wkhq vxjjhvwv d uhyhuvdo ri wkh vwudwhjlf lqfhqwlyhv1 Wkh hvwdeolvkhg up
zloo uhvwulfw lwv txdqwlw| lq wkh lqlwldo shulrg wr doorz wkh qhz up wr hqwhu
wkh pdunhw udslgo|1 Wkh glhuhqwldo h{shulhqfh ohdgv wkhq wr d vruwlqj lq
wkh pdunhw dqg d uhgxfwlrq lq wkh frpshwlwlrq iru wkh pdujlqdo ex|hu1 Wkh
fruuhvsrqglqj uhsuhvhqwdwlrq lq wkh +y> , vsdfh lv jlyhq lq Iljxuh 9=
Lqvhuw Iljxuh 9 khuh
Wkh lqiruphg frqvxphuv lq shulrg 4 qrz frqvlvw ri dq lqwhuphgldwh vhjphqw
lq wkh xqlw lqwhuydo ri y1 Wkh orzhu dqg xsshu hqg grq*w h{shulphqw zlwk
wkh qhz surgxfw lq shulrg 31 Wkh lqglhuhqfh k|shuerod ri wkh lqiruphg
vhjphqw qrz kdv wzr sduwv= +l, d ghfuhdvlqj sduw dqg +ll, dq lqfuhdvlqj
sduw1 Wkh lqfuhdvlqj sduw lv wkh htxlydohqw ri wkh lqglhuhqfh hduolhu/ zlwk
wkh h{fhswlrq wkdw
s  s7
v. 
y


7
lv qrz lqfuhdvlqj
k  l lq y dv s  s ? 3/ dv wkh vdih up rhuv wkh vxshulru
surgxfw ru H 
 ? v1 Wkh ghfuhdvlqj sduw dulvhv lq wkh orzhvw vhjphqw ri

y zkhuh up V grhvq*w vhoo dv yv  s7 ? 3/ exw wkh qhz up vwloo vhoov wr
ex|huv surylghg wkdw wkhlu lqlwldo h{shulhqfh zdv vx!flhqwo| srvlwlyh/ ru=
y     s
  31
Wkh upv wkhq frpshwh lq wkh srvw hqwu| pdunhw lq vxfk d zd| wkdw wkh vdih
up pdnhv vdohv wr frqvxphuv zkr zhuh glvdssrlqwhg zlwk wkh qhz surgxfw/
dqg wkh qhz up vhoov wr vdwlvhg rog fxvwrphuv dv zhoo dv vrph qhz ex|huv1
Wkh dqdo|vlv lq wklv fdvh lv frpsolfdwhg e| wkh idfw wkdw wkh qhz up
vhoov lwv surgxfw wr dq lqwhuphgldwh udqjh ri ex|huv lq wkh uvw shulrg1 Wklv
ohdgv wr wzr glvfrqwlqxlwlhv lq wkh +y> , vsdfh lq wkh srvw0hqwu| shulrg/ rqh
dw wkh xsshu hqg dqg rqh dw wkh orzhu hqg1 Lq sduwlfxodu/ wkh glvfrqwlqxlw|
dw wkh orzhu hqg fuhdwhv d nlqn lq wkh ghpdqg fxuyh dw wkh htxloleulxp txdq0
wlwlhv1 Wkh nlqn lpsolhv wkdw wkhuh duh d frqwlqxxp ri htxloleuld lq shulrg
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4 glhulqj lq wkh pdunhw vkduh wkdw hdfk up uhfhlyhv lq htxloleulxp143 Wkh
frqwlqxxp ri htxloleuld lq shulrg 4 fuhdwhv d frqwlqxxp ri shulrg 3 htxloleuld
dv zhoo1 Lw lv wkhuhiruh yhu| kdug wr jhw wljkw suhglfwlrqv rq lqwhuwhpsrudo
htxloleulxp ehkdylru dv zhoo dv rq wkh frpsdudwlyh vwdwlfv dqg zh rplw wkh
irupdo dqdo|vlv khuh1

8

Frqfoxvlrq

Wklv sdshu dgguhvvhg wkh +vwudwhjlf, sureohp ri hqwu| zlwk h{shulhqfh jrrgv
lq yhuwlfdoo| glhuhqwldwhg pdunhwv1 Lq d qxpehu ri glhuhqw pdunhw vhwwlqjv/
zh vkrzhg wkdw wkh lqfhqwlyhv iru idvw yhuvxv vorz hqwu| ghshqg rq wkh fkdu0
dfwhulvwlfv ri wkh qhz surgxfw1 Lq sduwlfxodu/ zh ghprqvwudwhg wkdw odujh
lqqrydwlrqv duh odxqfkhg vorzo| lq wkh pdunhw zkhuhdv pdujlqdo rqhv duh
lqwurgxfhg djjuhvvlyho|1 Lq wkh frpprq ydoxhv prgho/ zh vkrzhg wkdw wkh
vwudwhjlf hhfwv ehwzhhq ohdghu dqg iroorzhu duh vwurqjhvw zkhq wkh upv
forvh wr hdfk rwkhu lq wkh txdolw| vshfwuxp1 Dv d uhvxow/ ohdghu dqg iroorzhu
glvsod| rssrvlwh fxuydwxuhv lq wkhlu htxloleulxp ydoxh ixqfwlrqv zlwk uhvshfw
wr wkh glvwdqfh ehwzhhq wkhp1 Zlwk djjuhjdwh xqfhuwdlqw| derxw wkh wuxh
txdolw| wklv ohdgv wr glhuhqw suhihuhqfhv lq wkh vshhg ri pdunhw hqwu|1 Lq
frqvhtxhqfh wkh htxloleulxp hqwu| ri dq lpsuryhphqw lv txdolwdwlyho| glhu0
hqw iurp wkh rqh ri d vxevwlwxwh surgxfw1 Lq wkh sulydwh ydoxhv prgho/ zlwk
lglrv|qfudwlf exw qr djjuhjdwh xqfhuwdlqw| ohdghu dqg iroorzhu dgrsw vlpl0
oduo| glvwlqfw vwudwhjlhv1 Lq frqwudvw wr wkh frpprq ydoxhv/ wkh glhuhqfh lq
wkh rswlpdo hqwu| vwudwhjlhv zdv prvwo| gulyhq e| wkh rswlpdo lqwhuwhpsrudo
h{wudfwlrqv ri frqvxphu vxusoxv e| wkh qhz up1 Lq erwk ri wkhvh fdvhv/ wkh
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Wkh nlqn lq wkh ghpdqg fxuyh lv gxh wr wkh glhuhqwldo uhvsrqvh ri wkh sulfh dqg wkh
frpsrvlwlrq ri vdohv uhodwlyh wr d pdujlqdo lqfuhdvh ru ghfuhdvh lq ^ 1 Wr vhh wklv/ frqvlghu


dq htxloleulxp ^ c ^7 dqg vxssrvh wkdw wkh qhz up srqghuv d pdujlqdo fkdqjh lq wkh
7
vxsso|1 Dq lqfuhdvh lq ^ zrxog ohdyh wkh glhuhqwldo R
 3 R xqfkdqjhg dv wkh vdih
7
up vwloo vxssolhv ^ / dqg vr wkh dgglwlrqdo txdqwlw| zrxog kdyh wr eh devruehg lq lwv
hqwluhw| e| wkh orzhu hqg ri wkh lqiruphg vhjphqw/ ohdglqj wr d grzqzdugv vkliw lq wkh
ghfuhdvlqj sduw ri wkh k|shuerod1 Lq frqwudvw d ghfuhdvh lq ^ zrxog uhpryh ex|huv iurp
wkh lqiruphg dv zhoo dv xqliruphg vhjphqw dqg zrxog ohdg wr dq xszdug vkliw ri wkh hqwluh
k|shuerod1
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rswlpdo hqwu| vwudwhjlhv iru lpsuryhphqwv dqg vxevwlwxwhv duh hpslulfdoo|
glvwlqjxlvkdeoh iurp hdfk rwkhu lq whupv ri wkh lpsolhg sulfhv dv zhoo dv wkh
txdqwlwlhv vrog1
Zh dvvxphg wkurxjkrxw wkdw wkh vhoohuv fdqqrw sulfh glvfulplqdwh1 Lq
pdq| lqgxvwulhv/ wkh ex|huv duh krrnhg xs wr wkh vxssolhuv hlwkhu sk|vlfdoo|
dv lq fdeoh whohylvlrq ru whohskrqh vhuylfhv ru wkurxjk frqwudfwv1 Lq wklv fdvh
vhoohuv pd| jlyh glhuhqwldo wuhdwphqw wr ex|huv ghshqglqj rq wkhlu sdvw
fkrlfhv dqg h{shulhqfhv1 Dq lqwhuhvwlqj h{whqvlrq ri wkh fxuuhqw zrun zrxog
doorz iru sulfh glvfulplqdwlrq edvhg rq wkh ex|huv* sdvw klvwru|/ ru cehkdylru
edvhg* sulfh glvfulplqdwlrq lq wkh whupv ri Ixghqehuj ) Wluroh +4<<:,1
Wkh dqdo|vlv lq wklv sdshu zdv vlpsolhg frqvlghudeo| e| wkh dvvxpswlrq
ri d vlqjoh lqqrydwlrq1 Krzhyhu/ wkh uhvxowv rq wkh lqfhqwlyhv wr lqqrydwh
vxjjhvw d ulfk vhw ri lvvxhv iru ixwxuh uhvhdufk lq wkh g|qdplf hyroxwlrq ri
roljrsrolhv lq wkh suhvhqfh ri surgxfw lqqrydwlrq1 Wkh glhuhqw dwwlwxghv ri
iroorzhu dqg ohdghu lq wkh dgrswlrq ri qhz surgxfwv vxjjhvwhg dq lqwhuhvwlqj
ehkdylru ri wkh hujrglf glvwulexwlrq ri upv1 Zh krsh wr uhsruw pruh rq
wkhvh lvvxhv lq ixwxuh uhvhdufk1
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9

Dsshqgl{

Wkh dsshqgl{ frqwdlqv wkh surriv wr doo sursrvlwlrqv lq pdlq erg| ri wkh
wh{w1
Surri ri Ohppd 41 +4,1 Li   3> wkh htxloleulxp surw ixqfwlrq  7 + ,
lv frqyh{ lq  dqg  
 + , lv frqfdyh lq  e| Sursrvlwlrq 51 Vlqfh wkh
glvwulexwlrq ri  dqg khqfh wkh olqhdu wudqvodwlrq  lv vhfrqg rughu vwrfkdv0
wlfdoo| ghfuhdvlqj lq tf > wkh fodlp iroorzv iurp wkh uhvxowv lq Urwkvfklog )
Vwljolw} +4<:3,1
+5,1 Wkh surri lv dqdorjrxv1


Surri ri Sursrvlwlrq 61 Ohw pf tf& > f eh wkh p|rslf uhdfwlrq ixqfwlrqv
ri up m1 Revhuyh uvw wkdw wkh g|qdplf uhdfwlrq ixqfwlrq ri wkh vdih up




lv lghqwlfdo wr wkh p|rslf uhdfwlrq ixqfwlrq= tf7 tf > f @ p7f tf > f iru
doo tf dqg f 1 Lw lv wkhuhiruh frqwlqxrxv dqg grzqzdug vorslqj1 Iru wkh
h{lvwhqfh ri wkh htxloleulxp/ lw lv vx!flhqw wr vkrz wkdw wkh uhdfwlrq ixqfwlrq
ri wkh qhz up lv grzqzdug vorslqj lq wkh iroorzlqj vhqvh= li tf lv d ehvw
uhvsrqvh wr tf7 lq wkh g|qdplf jdph/ dqg taf7 ? tf7 > wkhq wkhuh lv d taf  tf
vxfk wkdw taf lv d ehvw uhvsrqvh wr taf7 = Exw wklv lv dq lpphgldwh frqvhtxhqfh
ri


C 2  tf7 > tf
? 3=
Ctf7 Ctf
 
+41, E| Dvvxpswlrq 5/  
tf lv frqwlqxrxvo| glhuhqwldeoh1 Iurp +5,/ zh

ghulyh wkh uvw rughu qhfhvvdu| frqglwlrq iru wkh qhz up=
 



tf @ v 4  tf7 . f =
5 +v . f , tf   

 

Vlqfh  
tf lv qhjdwlyh e| wkh Ohppd 4/ dq| tf vdwlvi|lqj wkh uvw rughu
f
frqglwlrq pxvw vdwlvi|=


 7

 7
 v 4  tf7 . f


=
tf tf > f ? pf tf > f @
5 +v . f ,




Dovr vlqfh tf7 tf > f @ p7f tf > f iru doo tf dqg f >doo wkh htxloleuld olh


rq p7f tf > f zlwk tf ? p
f > dqg wkh fodlp iroorzv1
+51, Wkh surri lv dqdorjrxv1
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Surri ri Sursrvlwlrq 71 Wkh htxloleulxp ydoxh ixqfwlrq ri wkh qhz up
ehiruh wkh lqwurgxfwlrq ri wkh lqqrydwlrq lv
+f , @

3

 f v2
+7v  f ,2

li wkh qhz up lv fxuuhqwo| d iroorzhu +f ? 3, dqg

n + f , @

f +5f  v,2
=
+7f  v,2

+6,

li wkh qhz up lv fxuuhqwo| d ohdghu +f A 3,1
+4, Wklv iroorzv lpphgldwho| iurp wkh frqfdylw| ri wkh ohdghu*v ydoxh
ixqfwlrq +6, lq klv rzq txdolw|1
+5, Li wkh qhz up lv d iroorzhu/ lwv sd|r lv lqfuhdvlqj dqg frqyh{ dv
orqj dv f ? 31 Lw lv frqwlqxrxv dw f @ 3 dqg lv frqfdyh dqg lqfuhdvlqj
iru f A 31 Zh uvw vkrz wkdw dq| duelwudu| glvwulexwlrq I +, lv dozd|v
grplqdwhg e| d wzr0srlqw glvwulexwlrq zkhuh wkh orzhu srlqw lv  f 1 Frqvlghu
wkh suredelolw| phdvxuh/ 8 > lqgxfhg e| dq duelwudu| glvwulexwlrq I rq
^f > 4,= Ghqh
n
3
8  8 Ldwf cr > dqg 8  8 Ldrc" >
zkhuh L lv wkh lqglfdwru ixqfwlrq ri vhw D= Dovr ghqh
]
]
4
4
n
dqg
p

g3
gn
p3 
8
8=
8 +^f > v,,
8 +^v> 4,,
Vlqfh   +, lv frqyh{ lq  rq ^f > v,>


]
8 +^f > v,, +v  p3 ,
8 +^f > v,, +p3  f ,
n

 wf .
 r . 8
 +, g
v  f
v  f
]

  +, g8 =
Vlqfh   +, lv frqfdyh lq  rq ^v> 4,>
 


]
8 +^f > v,, +v  p3 ,
8 +^f > v,, +v  p3 ,

6
 wf . 4 
 +, g
7
v  f
v  f


]
 +^f > v,, +v  p3 ,
 +^f > v,, +p3  f ,
 wf . 8
 r . n

  +, g 8
8 >
v  f
v  f
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zkhuh
p
 @

4
>
E6
8 +^v> 4,, . 8 Edwf crr3
wf
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3

3

wf 
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8 +^f > v,, +p3   f ,
 r . n
8 =
v  f

Vlqfh dw ohdvw rqh ri wkh lqhtxdolwlhv lv vwulfw li wkh vxssruw ri 8 frqvlvwv ri
pruh wkdq wzr srlqwv/ wkh fodlp lv suryhg1 Iru d jlyhq phdq  @ s  / wkh
iroorzhu*v sureohp lv wkhq vroyhg e| qglqj wkh xqltxh  vxfk wkdw
 
 
      + f ,
@     >
+7,

  f

zklfk ghwhuplqhv   e| wkh fxuydwxuh surshuwlhv ri   +,1 Li wkh xqltxho|
lpsolhg s glvsod|v s A 4/ lw iroorzv wkdw   @   dqg wkh iroorzhu lv zlwk
suredelolw| rqh wkh ohdghu lq wkh qh{w shulrg1
Surri ri Sursrvlwlrq 81 Frqvlghu uvw wkh ghflvlrq sureohp ri wkh iro0
 
orzhu1 Wkh pdujlqdo ehqhw ri lqfuhdvlqj  iru s ? 4 lv jlyhq e|    
ghwhuplqhg hduolhu e| +7,1 Wkh pdujlqdo ehqhw lv wkhuhiruh frqvwdqw dw
 
    xqwlo s @ 4 eh|rqg zklfk s @ 4 dqg doo ixuwkhu pdujlqdo lpsuryh0
phqwv duh pdujlqdo dqg fhuwdlq lqqrydwlrqv1 Frqvlghu d ohdghu zlwk af vxfk
wkdw v ? a
f ?  / dqg d iroorzhu zlwk f ? v1 Wkhq e| wkh frqfdylw| ri surw
ixqfwlrq
 
   +, A    
iru doo  zlwk v ?  ?  1 Vlqfh wkh pdujlqdo ehqhw ri lqfuhdvlqj h{shqglwxuh
 
lv h{dfwo|     iru wkh iroorzhu wklv wrjhwkhu zlwk wkh vxshuprgxodulw| ri
wkh frvw ixqfwlrq hvwdeolvkhv wkh ghvluhg uhvxow1
Surri ri Sursrvlwlrq 91 Wkh sureohp lv dqdo|}hg uhfxuvlyho|1 Vlqfh wkh
txdqwlw| ri wkh frpshwlwlyh iulqjh lv vlpso| ghwhuplqhg e| t7 @ 4  t / zh
rplw wkh vxshuvfulsw lq wkh iroorzlqj zlwk wkh xqghuvwdqglqj wkdw t| @ t|
dv zhoo dv s
| @ s|1 Frqvlghu uvw d jlyhq tf 1 Gxh wr wkh glvfrqwlqxlw| lq wkh
+y> , vsdfh lq shulrg 4/ lw lv frqyhqlhqw wr glvwlqjxlvk ehwzhhq x @ 3 dqg
x A 31 Zh lqgh{ wkh rswlpdo srolflhv dqg ydoxh ixqfwlrq iru x @ 3 zlwk d
orzhu edu dqg iru x A 3 zlwk dq xsshu edu1 Frqvlghu uvw x @ 31 Iru d
jlyhq sulfh s wkh ghpdqg lv jlyhq e|=
]  
s 
v.
gy
t @ tf 
y
3^f
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dv wkh orzhu erxqg ri  iru hyhu| y lv ghwhuplqhg e| wkh htxdolw| ys @ vy1
Lqyhuwlqj wkh sulfh0txdqwlw| uhodwlrq |lhogv=
s @

t  tf +4  v,
=
oq +4  tf ,

Wkh rswlpdo txdqwlw| lv ghwhuplqhg e| pd{lpl}lqj
  +t , @ t
zklfk ohdgv wr
t @
dqg
s @ 

t  tf +4  v,
oq +4  tf ,

4
+4  v, tf
5
4 +4  v, tf
=
5 oq +4  tf ,

+8,

Wkh htxloleulxp surwv   +tf , @ s t  wkhq lv lqfuhdvlqj dqg frqfdyh lq tf /
dqg ghfuhdvlqj dqg frqfdyh lq v1
Vxssrvh qh{w wkdw x A 31 Iru d jlyhq sulfh s / wkh vrog txdqwlw| lv wkhq
frpsrvhg ri lqiruphg ex|huv=
]  
s 
l @ tf 
v.
gy
+9,
y
3^f
dqg xqlqiruphg ex|huv x zklfk duh ghwhuplqhg e|


4
 v +4  tf  x , @ s =
5

+:,

Lqyhuwlqj wkh sulfh0txdqwlw| uhodwlrq lq +9, dqg +:, zh rewdlq wkh remhfwlyh
ixqfwlrq iru wkh prqrsrolvw=


+4  5v, +4  t  vtf ,
  +t , @ t
5  +4  5v, oq +4  tf ,
zklfk |lhogv=
t @
dqg
s @

4
+4  vtf ,
5

4 +4  5v, +4  vtf ,
=
5 5  +4  5v, oq +4  tf ,
6:

Wkh htxloleulxp surw ixqfwlrq 
  +tf , @ s t lv ghfuhdvlqj dqg frqfdyh lq
tf / dqg ghfuhdvlqj dqg frqyh{ lq v1 Wkxv iru dq| jlyhq v/ wkhuh h{lvwv d
xqltxh th vxfk wkdw
t , @   +h
t, =
+;,

  +h
Lw iroorzv wkdw t lv rswlpdo iru doo tf  th/ dqg t  lv rswlpdo iru doo tf  th/
zkhuh th lv vwulfwo| ghfuhdvlqj lq v1 +Frqyhuvho| iru dq| jlyhq tf / wkhuh h{lvwv
d xqltxh vh vxfk wkdw t lv rswlpdo iru doo v  v/ dqg t  lv rswlpdo iru doo
v A v1,
Frqvlghu qrz wkh rswlpdo srolf| lq shulrg 3 frqwlqjhqw rq frqwlqxdwlrq
srolflhv t  ru t uhvshfwlyho|1 Djdlq zh vwduw zlwk wkh djjuhvvlyh srolf| t 1
Wkh rswlrq ydoxh ri wkh pdujlqdo ex|hu lq shulrg 3 lv jlyhq e|=
] 


+4

t
g
,
+

v,

s
z +tf , @
f

rn  R^f
3

zkhuh wkh orzhu erxqg lv ghwhuplqhg e|
+4  tf ,   s @ +4  tf , v
dqg s lv dv jlyhq lq +8,1 Wkh rswlrq ydoxh lv wkhq
z +tf , @

4 +tf . 5 +4  tf , oq +4  tf ,,2 +4  v,2
 2

=
;
oq +4  tf , +4  tf ,

zklfk lv ghfuhdvlqj lq tf 1 Wkh pdunhw fohdulqj frqglwlrq lq wkh lqlwldo shulrg
lv jlyhq e|=
4
+4  tf , . z +tf ,  sf @ +4  tf , v
5
dqg wkh prqrsrolvw vhhnv wr pd{lpl}h=




4
 +tf , @ tf +4  tf ,
 v . z +tf , .   +tf , =
+<,
5
Xvlqj wkh fxuydwxuh surshuwlhv ri z +tf , dqg   +tf ,/ lw fdq eh vkrzq wkdw
+<, kdv d xqltxh vroxwlrq t f zklfk lv prqrwrqh lqfuhdvlqj lq v dqg iru v @ 3
glvsod|v tf A 2 1 Wkh edvlf dujxphqw iru wklv uhvxow lv wkdw dv v lqfuhdvhv wkh
pdujlqdo frvw ri ghyldwlqj iurp wkh p|rslf rswlpdo ehfrphv vpdoohu dqg
6;

ghfuhdvhv pruh udslgo| wkdq wkh lqwhuwhpsrudo ehqhwv1 Lw fdq ixuwkhu eh
yhulhg wkdw tf A th/ vr wkdw t  lv wkh rswlpdo frqwlqxdwlrq srolf| iru tf 1
Frqvlghu qh{w wkh vorz hqwu| vwudwhj|1 Wkh rswlrq ydoxh ri wkh pdujlqdo
w|sh lv jlyhq e|
] rn R7
 ^f
++4  tf , +  v,  s , g
z
 +tf , @ 
3

f

ru

2

4 4 . 5tf v2 . 5v  8tf v  5v +4  5v, +4  tf , oq +4  tf ,
z
 +tf , @
;
+5  +4  5v, oq +4  tf ,,2 +4  tf ,

Zlwk vorz hqwu|/ wkh rswlrq ydoxh iru wkh pdujlqdo ex|hu lv jhqhudwhg e| hduo|
lqirupdwlrq derxw orz h{shulhqfhv zklfk doorz khu wr vzlwfk wr wkh vdih up
lq shulrg 41 Wkh rswlrq ydoxh lv ghfuhdvlqj dqg frqyh{ lq tf dqg lqfuhdvlqj
lq v1 Wkh pdunhw fohdulqj frqglwlrq lv dv ehiruh dqg wkh prqrsrolvw vhhnv
wr pd{lpl}h




4
 +tf , @ tf +4  tf ,
  +tf , =
v .z
 +tf , . 
5
  +tf ,/ lw fdq eh vkrzq
Djdlq/ xvlqj wkh fxuydwxuh surshuwlhv ri z
 +tf , dqg 
wkdw wklv sureohp kdv d xqltxh vroxwlrq zklfk lv uvw ghfuhdvlqj dqg wkhq
lqfuhdvlqj lq v1 Iru doo ydoxhv ri v/ lw fdq eh vkrzq wkdw wkh xqfrqvwudlqhg
vroxwlrq tf vdwlvhv
 
 +

tf , A  t f =
Krzhyhu wkh vroxwlrq tf ehfrphv hyhqwxdoo| frqvwudlqhg e| wkh uhtxluhphqw
wkdw x A 3 lv wkh rswlpdo frqwlqxdwlrq srolf| iru tf / ru wkdw

  +
tf ,    +
tf , =
Pruh suhflvho| wkhuh lv dq vh vxfk wkdw tf @ th iru doo v A vh zkhuh tf lv
ghwhuplqhg dv wkh vroxwlrq wr wkh htxdwlrq +;,1 Dv v $ 2 / th $ 3 dqg lw
iroorzv wkdw wkhuh lv dq v vxfk wkdw t f ehfrphv rswlpdo1 Lw fdq ixuwkhu eh
vkrzq wkdw wkhuh lv dw prvw rqh vxfk vzlwfk dv dq dssolfdwlrq ri wkh hqyhorsh
wkhruhp vkrzv wkdw iru v A vh =


+v,
>
v
C
t


t +v, > v, Ch
t +v,
C  +h
t +v, > v, C  +h
f
.
?
>
Cv
Ch
t
Cv
Cv
6<

zkhuh wkh vhfrqg whup lq wkh lqhtxdolw| lv gxh wr wkh idfw tf lv uhvwulfwhg e|
wkh htxdolw| +;, wr tf @ th/ zklfk frqfoxghv wkh surri1
Surri ri Sursrvlwlrq :1 Wkh vhw0xs dqg wkh surri vwudwhj| lv dv ehiruh1
Zh eulh | ghvfuleh wkh htxloleulxp frqglwlrqv/ dqdo|}h wkh surshuwlhv ri wkh
htxloleulxp/ exw rplw wkh hqwluho| vwdqgdug exw whglrxv fdofxoxv dujxphqwv1

Djdlq/ lw lv frqyhqlhqw wr glvwlqjxlvk ehwzhhq x
 @ 3 dqg x A 3/ dqg

zh vwduw zlwk x
 @ 31 Wkh htxloleulxp txdqwlw| t iru dq| jlyhq sulfh
7
glhuhqwldo s
  s lv jlyhq e|=

]  
s  s7
t @ tf 
gy=
v. 

y
3^f
Lqyhuwlqj wkh sulfh0txdqwlw| uhodwlrq=

7
s
  s @

t  tf +4  v,


oq 4  tf

+43,

dqg wkh htxloleulxp sulfhv duh ghwhuplqhg e| +43, dqg


4  t  t7 v @ s7 =

+44,

Wkh upv m 5 iQ> Vj wkhq pd{lpl}h=
 
  t @ s t =
vxemhfw wr +43, dqg +44,1 Wkh Qdvk htxloleulxp lq txdqwlwlhv frqglwlrqdo rq
q
 @ 3 lv xqltxh dqg wkh htxloleulxp sulfhv duh







v oq 4  tf  4 v oq 4  tf  5tf +4  v,




 

s @
+45,
6v oq 4  tf  7 oq 4  tf
dqg





v oq 4  tf . tf +4  v,  5 v
7


s @
=
6v oq 4  t   7
f

+46,

 
tf ri Q lv lqfuhdvlqj dqg frq0
Wkh uhvxowlqj htxloleulxp ydoxh ixqfwlrq  


fdyh lq tf 1
Wkh htxloleulxp frqglwlrqv dvvrfldwhg zlwk x
 A 3 duh olnhzlvh ghulyhg
dv lq wkh prqrsro| fdvh zlwk wkh reylrxv h{fhswlrq wkdw qrz s7 A 31 Djdlq
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wkhuh lv dq htxloleulxp/ zklfk lv xqltxh frqglwlrqdo rq x
 A 31 Wkh htxl0
oleulxp sulfhv duh


  5 +4  v,  v +4  5v, 5t . oq 4  t 
4

v
+4

5v,
oq
4

t
f
f


 

f
=
s
 @


5 +5  v,  6v +4  5v, oq 4  tf
5  +4  5v, oq 4  tf
+47,
dqg




v +4  5v, oq 4  tf  +4  5v, tf v  4 v
7



s @
=
+48,
5 +5  v,  6v +4  5v, oq 4  tf
Zlwk wkh shulrg 4 frqwlqxdwlrq ydoxhv hvwdeolvkhg/ frqvlghu qrz shulrg
3 htxloleulxp frqglwlrqv1 Iru x
 @ 3/ wkh rswlrq ydoxh iru wkh pdujlqdo
ex|hu lv dv lq wkh prqrsro| fdvh +zlwk wkh h{fhswlrq ri s7 A 3 lqvwhdg ri
s7 @ 3, jlyhq e|=
 
z tf @

]



  +  v,  s . s7 g>
4

t
 7
f


rn R ^R
f


3

3

dqg s7 dv lq +45, dqg +46,/ ru
zlwk s


2




7
+4

v,
4
.
t
.
s

s
 
f




z tf @
=

5 4  tf
Wkh lqglhuhqfh frqglwlrqv lq shulrg 3 duh


 k l
 
  v  s7 >
4  tf H 
 . z tf  s
f @ 4  tf
f
dqg



4  tf  tf7 v  s7f @ 3=

Wkh upv m 5 iQ> Vj duh pd{lpl}lqj wkh lqwhuwhpsrudo remhfwlyh ixqfwlrq=
 
 
+49,
 tf @ sf tf .   tf
 
zlwk   tf uhvxowlqj iurp +45, dqg +46,1 Wkh uvw rughu frqglwlrqv uhvxow0
lqj iurp +49, duh=
 
 
 
4 4 7

tf @ 3
 tf  tf . z tf . tf z tf .  

5 5
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dqg

v  vtf  5vtf7 @ 3>

 
 
tf rqo|
Zh revhuyh wkdw wkh lqwhuwhpsrudo sd|r hohphqwv z tf dqg  

 
dsshdu lq wkh uvw rughu frqglwlrqv ri wkh qhz up1 Pruhryhu t 
z
tf .
f


tf lv lqfuhdvlqj dqg frqfdyh lq tf 1 Wkh ghulydwlrq ri wkh vorz hqwu|


htxloleulxp frqglwlrqv lv lghqwlfdo zlwk wkh h{fhswlrq ri wkh rswlrq ydoxh
zklfk lv jlyhq e|=

2
 
 
v 4  tf . s
7
 s


=
z
 tf @
5 4  tf
Wkh htxloleulxp lv rwkhuzlvh lghqwlfdo wr ehiruh1
Zh qrz dujxh iru wkh xqltxhqhvv ri wkh vorz hqwu| htxloleulxp1 Djdlq
zh ghqrwh wkh frqwlqxdwlrq sd|r dvvrfldwhg zlwk wkh vorz dqg idvw hqwu|
htxloleulxp e| xsshu dqg orzhu fdvh1 Zh revhuyh uvw wkdw iru doo tf /
 
 
 
 
tf z
 tf . 

tf A tf z tf .  
tf >



+4:,

dqg
 
 
 
 
 
 

  tf ? z tf . tf z tf .  
tf > +4;,
  tf . 
z
 tf . tf z

Zh dujxh e| zd| ri frqwudglfwlrq1 Vxssrvh wkdw wkhuh h{lvwv dq htxloleulxp
7
7
vxfk wkdw tf @ t 
1 Wkh lqhtxdolw| +4;, lpsolhv wkdw t 
A p
f dqg t f ? pf 1
f
f
Exw wkhq e| +4:, wkhuh h{lvwv dqrwkhu tf vxfk wkdw tf @ tf dqg tf ? t 
f
vxfk wkdw wkh lqwhuwhpsrudo ehqhwv dv froohfwhg lq +4:, duh dw ohdvw dv kljk
1 Vlqfh wkh qhz tf lv vpdoohu e| +4;,/ lw dovr lqfuhdvhv wkh qhw sd|r
dv dw t 
f
lq shulrg 3 zklfk lv ohvv eldvhg dzd| iurp wkh p|rslf ehvw uhvsrqvh/ zklfk
ohdgv wr wkh frqwudglfwlrq1
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Figure 1.: Myopic vs. Dynamic Best Response (in Quantities)
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Figure 2.: Myopic vs Dynamic Best Response (in Prices)
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Figure 3 : Fast Entry (u1 = 0).

1

v

N

θ

1

u1

N

~
E[θ ]

i1

N

v(θ − s) = p1

1

N

1−q0

Figure 4 : Slow Entry (u1 > 0).
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Figure 5 : Slow Entry (u1 > 0) in Duopoly.
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